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Algorithms for Computing the Geo-
potential Using a Simple-Layer
Density Model

Foster Morrison

Geodetic Research and Development L.lboratory
National Geodetic Survey
National Ocean Survey. NOAA. Rockville. Md.

ABSTRACT.— Several algorithms have been developed for computing the gravita-
tional attraction of a simple-density layer: these are numerical integration. Taylor
series. and mixed analytic and numerical integration of a special approximation.
A computer program has been written to combine these techniques for computing
the higher frequency components of the gravitational acceleration of an artificial
Earth satellite. A total of 1640 equal-area. constant surface density (5°X5°%)

block§ on an oblate spheroid is used. The special approximation is used in the sub-
satellite region, Taylor series in a surrounding zone. and numerical quadrature

in the remaining regions. The relative sizes of these zones are readily changed.
An auxiliary program can generate all the parameters for different equal-area
block configuratiuns. Different orders may he used in the numerical quadra-
ture done in connection with the special approximation. Numerical tests compris-
ing integrations of equations of satellite motion and static gravity simulations
indicate the simple-density layer model is not only feasible. but highly practical

and very easy to use.

I. INTRODUCTION

Choosing to use a density layer model to represent
a gravitational potential field does not specify an
algorithm for the computation. Using an analytic
solution to a boundary value problem. such as
spherical or spheroidal harmonics. specifies the gen-
eral outline of the algorithm. Quite a bit of discre-
tion remains 10 the user as to what recursion rela-
tions (if any) to apply and what normalization is
most efficient: a considerable literature has
developed through inquiries into these questions.

Density layer models provide us with many more
options. For one thing. we must specify the surface.
or boundary. upon which the density is to be defined.
The shape of the surface is related to the choice of
coordinates.- which is another option. Finally.
there is a choice of methuds of representing the

‘will affect

density on the surface. Intricate surfaces and exotic
coordinates both would fequire more information
storage and computation to obtain the gravity vector
at a specified point. The choice of analytic or dis-
crete representations of the density upon the surface
the efficiency and speed of one's
calculations. also.

To a large extent. the application of the gravity
model is a decisive factor in its choice. A model
suitable for the combination of gravimetry. and
satellite derived data. which may be dynamical.
geometric. or both. might be too cumbersome for
computing the ephemeris of a satellite.

II. METHODS IN USE

Working directly from optical satellite observa-
tions. Koch and Morrison (1970) derived a density



layer model for the geopotential. In theory. the sur-
face layer was on the Earth’s surface. while in fact the
mathematical model was equivalent to point masses
fixed onto an approximate surface (Morrison 1971).
Improved solutions (Koch and Witte 1971). and (Koch
1974) utilizing additional data have retained this
type of algorithm.

Vinti (1971), on the other hand, has used a den-
sity layer model with a surface consisting of the
smallest sphere enclosing the Earth. Vinti’s model
avoids the occurrence of impulses on satellite orbits
coming close to any of the point masses. but it is
computationally no different from using the spheri-
cal harmonic model for the geopotential. Moreover.
having the surface layer above the Earth's actual
surface yields a model unsuitable for computing
mean gravity anomalies at the surface or for doing
combination solutions.

III. APPROXIMATION BY TAYLOR SERIES

The fundamental formula for density layer

models is . _
_ xdo
"'GU r* C D

where r*er—r, (See appendix I for explanation éf
undefined terms). If the surface. o. is a sphere.
we may use

do=r! cosddrdd

and compute (1) as an iterated integral -

7 -
U=Cff X(¢.A)r¢ios¢dhd¢_ @)

r

Even if the surface is not exactly a sphere. (2)
may be used provided the surface is starlike with
respect to the origin. (For a starlike surface a

straight line starting at the origin intersects the -

surface only once, i.e., the radial coordinate of
the surface is a single valued function of ¢ and
A.) Even if the surface has high frequency ripples
and a resulting very large surface area. the total
mass of the surface will be very little affected
because the surface density is divided by the slope
of the topography. An analogous expression could
be derived for spheroidal coordinates. Another
alternative is to remove r® from the numerator
of (2) and use density per unit of solid angle: the
position of the layer would enter only through.
r*. For the numerical tests made. only (2) was
used. ' .

Given (2). there are various options for ex-
pressing the integrand. The simplest. perhaps.
is to write

Gx(d, A)ricosd

h(b.A) = = @)

and expand k into a Taylor series. (See appendix
I1.) Since the domain of validity of such a series
would be restricted. expansions would have to be
done within different regions on the Earth, usually
tesserae bounded by lines of latitude and longitude.
The result is of the form

U= (AT, + U @
i R

(AT)/= f [ [ho+hod +hah + Ya(heot?
+2hoadA + har?))doddh  (5) _

if we truncate the series at the second-order terms.
The function U, is a spherical harmonic expansion
used for the central force term, oblateness and long-
wavelength parts of the potential. Eqg. (5), an inte-
gral of a polynomial, is evaluated quite easily. The
derivatives are somewhat complicated, but straight-
forward.

To obtain the gravity force. the gradient operator

is applied
g=VU, (6)

Numerical tests have been made at altitudes of
300 and 1000 km, using 15°X 15° and 5° X §° patches.
Results are satisfactory for the 300-km altitude only
when the smaller patches are used. This is due to
the fact that the Taylor series has many properties
of the point mass. Specifically. these properties
are

ho=0(1/r*)
he=0(1/r*?),
hee=0(1/r*3), etc.

Nevertheless. the method is fast and accurate for
altitudes above 1000 km and softens the impulses
of a purely point mass approximation.

" Spherical coordinates are used for the sake of
rapid computation. and for the area differential the

_ spherical approximation

do = r cos ¢ dAdd + O(e*)

suffices. Simplifications occur if A is expanded
about a point whose latitude is the average of the
north and south edges of the block and similarly



for the longitude, (See fig. 1.) When & is expanded
to the second order and integrated. the odd order
terms drop out

(AT); = dulu [ho + % (heo ¢‘-'y+’ln A’n] (7)

where ¢4 and A, are the extent of the block in
latitude and longitude.

ae

A\ ——y ¢ e DM

I

r\\4

l

FIGURE 1.~ The block over which AT is evaluated. The origin is
_ in the “center.” .

IV. THE METHOD OF SINGULARITY-
MATCHING

The limitations of the Taylor series approxi-
mations to U are caused by the presence of the
square root function in the denominator of (2)

=V (_r— r.):.

here (r — r,)* is an analytic function of the coordi-
nates everywhere, but r* is not at r*=0. and 1/r*
is not well approximated by Taylor series in that
region.

The method of singularity-matching provides
approximation techniques for computing such things
as convergent improper integrals where exact
analytic solutions cannot be found. The trouble-
some integrand frx) is factored by an elementary

function p(x) with the same type of singularities .

so that one may write

hixi= ptx) Jix). 8)

Now fix) may be expanded as a Taylor series.
The desired results may be obtained provided the
expressions x"p(x), n=0, . . ., N can be inte-
grated analytically. Often this can be done by re-
peated application of integration by parts.

Computing the potential of a surface layer is
complicated by the facts that (1) is a double integral
and. in most cases. r* is close to but not exactly
zero. We begin by converting (1) to an iterated in-
tegral in the spherical coordinates ¢ and A. as
was done for a Taylor series expansion. For the
factor with a singularity we choose

pA)= (D + EN + FA)-12,

where D. £ and F are functions of ¢. For practical
applications at satellite altitudes. it is simplest
to use the Taylor series expansion for r*: to com-
pute D, E and F:then we have

f(A)=GXr?(¢) cos ¢="constant™

which greatly simplifies the results. The integration
with respect to ¢ now may be done by a conven-
tional numerical quadrature. Newton-Cotes formu-
las of order 3 through 9 were programmed (Abramo-
witz and Stegun 1964).

All of the integrals with respect to A are of the
simple form

f h.(A)d)\ = f\,%é—-"‘—nw )

which can be expressed in elementary function
for various values of D, E and F, e.g.. see Peirce
and Foster (1956). It is more efficient to branch to
different coding than to compute (9) as a function
of a complex variable.

Various improvements and generalizations can
be made over what has been programmed. For
low altitudes. the matching of the singularity in
p(A) and 1/r* should be precise. Gaussian quadrature
should be faster and more accurate than Newton-

"Cotes. Some of the integration with respect to ¢

also could be done analytically to save time and
reduce error.

Density variations within a block and the depar-
ture of the approximation p(A) from 1/r* can be
modeled by expanding

= Gxricosd
Jix) pAr*

in a Taylor series. No matter what order Taylor
series is used. the integral may be done quite
simply (Gradshteyn and Ryzhik 1965. p. 80). so



any level of approximation can be achieved.
Even surfaces of complex shape could be modeled
if it were really necessary.

If we define

f=Gxricos¢ (10
&= (r—r.)?

p=g—ll‘.' (ll)

and use the approximations

f=A+BrA+CN*
A= fo+ fod+ faed¥2
B=f1+ fred
C=ifun
&=D+EN+F)\?

(12)

D = g0+ 8o + o2
. (13)
E=g\+ g0

F=§ﬂu_

we can perform the integration with respect to
A in closed form. If a higher approximation to g
is required. the integrals will be elliptic and a degree
of simplicity will disappear. An alternative to the
elliptic integrals is to subdivide the blocks. Doing
one of the iterated integrals analytically removes
the problem of approximating 1/r* by a Taylor
series. The integration with respect to ¢ precedes
smoothly by numerical quadratures. Some part of
the quadrature with respect to ¢ could be done
analytically.

Numerical tests of the potential function have
proved very promising at the 300 km altitude even
with 15° patches. These results are far more prom-
ising than those obtained with the direct numerical
integration algorithm (Koch 1971).

If F # 0. we may use in evaluating (9)

A+ Br+CA?
VD+EN+FN

B;'/_*'C[z)}' aF: ] V—‘Qf

where X=D+ EX+ F\* and

dA (14)

BE

(3E:—4DF)C
SFT T 8

Q=A- 8F:

If the quantity ¢ = 0. g=4 DF —E=, then

1

2FA+E) (15)

f‘dvi-,=vlfsinh" (T .

" To have ¢ =0. it is necessary to have F > 0. since

D = 0 for this application. If F < 0. one can use

d 1 (=B
v (FES) e

It may happen that.F > 0. but ¢ <0. Such may be
the case if F is relatively small and E large. In -
this case one has

%"i=vlflog'(:\/)'(+-m/f+ #) Iy

These well known formulas (Weast dnd Selby. 1967:
Gradshteyn and Ryzhik; 1965) are sufficient for all
the cases that occur in this application, provided
F is not too small.

If F is exactly zero. which may happen in an
actual computation. (14) simplifies to '

A+BA+CAN
Vorn W(VD+EA)

(18)

[ZA 2B(2D—E\)

E 3E*: 15E3

+ 2C(BD'-'-4DEA+3E'-'X-']
Equation (18) is the application of equations 101. .
102. 103 of Peirce and Foster (1956).

When both E and F are very small compared to
D, (14) is computed best by expanding the de-
nominator in the binomial series and integrating
term by term. This procedure is identical in the
formal sense to the Taylor series approximation.
but there are differences in the numerical applica-
tion. For one thing. the quantities D. E, and F.
required to perform the tests indicating whether
(14). (15). (16). (1. or (18) should be applied. are
used at once. Also. the binomial series expansion

might not be used for every value of the latitude in
the second iterated integral. which is done
numerically. The results are

f':(A+BHme-..-.dpo-'-"{ﬂﬁk i

+2 500

2 [c—_l B_E*+§A£*=—_1AF-]

5;‘ [ CE*:+3 AF"'+2BE"F"'—CF"‘]

+—8)\ CF*: +O(8A")}

where E*=E[D. F*=F|D.



Equation (19) is given as a definite integral since all
the even powers of 5\ have zero coefficients with
the limits taken thus: and these limits are the ones
used. All the constants of integration have been
omitted from (14)—(18). ' :

There is a definite advantage in interchanging
the orders of differentiation and the integration
implicit for U in (6). The gradient operator is applied
inside the integration (9): the gradients of D, E.

and F in (14) are required. The quantities 4, B,

and C do not depend on the point at which the
potential or gravity is being evaluated. so they act
as constants in the differentiation. Gradients are
computed for equations (14) through (18). which in
turn are integrated by the same numerical quadra.
ture formula used for the potential.

V(AU) = vf ffg--/-d¢ dA

=fd¢{vjfg-'h dh}.

When F is small. (14) is plagued by small divisors.
Upon taking gradients. the divisors become smaller
still. so it is necessary to use (18) or (19) to prevent
excessive rounding errors. : :

(20)

To optimize the numerical integration method.
Koch (1971) and Frithlich and Koch (1974) have
studied different configurations of the evaluation
points. Recently. Frihlich (1975) published some
algorithms of very high accuracy.

V. PROGRAMMING OF THE ALGORITHMS

To construct a program suitable for application
to anticipated high precision satellite altimetry
data. the computer programs for these algorithms
were changed to use a scheme of 1640 equal-area
blocks on an oblate spheroid; these blocks are
about 5°X5° at the equator and fairly uniform in
shape everywhere (see figs. 2 and 3). Blocks near
the poles are somewhat extended in longitude. for
example. those at the poles cover 90° in longitude. -
For this reason these blocks are subdivided into
roughly 5° longitude bands and the algorithms
are applied within each subblock generated.
This is illustrated in figure 4. To save computer
time, different algorithms are used depending on the
distance from the satellite to the center of the block.
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Fi1GURE 4. - Subdivision of blocks near pole into blocks equal in
longitude and latitude.

Density is assumed constant within each block in
this production version of the program. so that

B=C=0 21)

in expression (14). The method using (14) is employed
for the closest blocks. Taylor series for a zone
surrounding that. and numerical integration for
the farthest blocks. No loss of accuracy is suffered
if the distances of R/4 and R. (R =Earth radius),
are used to define these zones. Accuracy is main-
tained from the lowest possible altitudes for or-
biting satellites out to infinity.

For operational purposes and to faclhtate incor-
poration into large-scale orbital analysis programs.
some optimization has been done. The equal-area
block system has an eight-fold symmetry which
has been used to reduce storage requirements.
Certain sines and cosines are handled as complex
exponential functions. which can save time and
‘memory. Some loops were written out explicitly to
sacrifice memory for central processor time. It
was found that the Taylor series and numerical
quadrature algorithms can be computed using the

short single-precision word length of the IBM 360°

with double-precision accumulation of the geopoten-
tial and gravity. The more complicated formulas
which arise from applying "(2) require double
precision at almost every step. but just for certain
troublesome satellite locations. More detailed study
is required on this question. though the use of
double precision is a satisfactory if not optimal
solution.

Some time is saved by direct application of the
Newton-Raphson algorithm instead of the compiler
subroutine to compute the square root needed to
evaluate the distance from the satellite to a given
block. Since the blocks whose contributions are
evaluated successively are always adjacent. very
accurate first approximations to this distance are
available. except for the case of the first block. of
course. The compiler function is used to initialize
the process.

' VI. PROGRAM TESTING

Timing and debugging tests were made using
90 satellite positions—half at 300 km. most of the
rest at 1000 km and one each at 10R, 100R.
1000R. 1.0000R. and 1.000.000R. If the density on
an oblate spheroid is chosen so that

x=x@)=lr@) @

the potential will be nearly that due to a point mass
equal to the mass of the spheriod and located at
its center. This was determined through compar-
isons with a spherical shell of constant density. If
we set U=yu/r, in (1) and attempt to solve the in-
tegral equation for x. we can observe that do =
ri(¢) cos pdddA. which in turn implies that (22) is

-an approximate solution good to an order of about
‘e?. A higher order analytic solution to the problem

would be useful for testing, but none has as yet been
found either through attempts at solution or m the
literature.

The program has been inserted as a force
model in two orbit computation programs. The
first is a small program on the CDC 6600 that
generates only orbital elements. The geopotential
modeling program was then converted for use on
the IBM 360. optimized. and inserted into the well-.
known GEODYN program. which is now operational
on the NOAA IBM 360-195 at Suitland, Md.

Program linkage and compatibility hd% been

tested by using (22) as the density distribution and
integrating a two-body problem perturbed only by

the computational errors in the surface density
model program. The results in Keplerian elements
a, e, and | are given in figures 5, 6, and 7. Both
the semi-major axis. a, and the eccentricity. e,
exhibit periodic changes only. at least for the 9
hour period for which the integration ‘was done.
Since the mean value of a obviously is not the same
as the initial value. drift occurs in the mean anomaly.
In practice. the process of orbital adjustment would
rectily this problem. A very large secular or long-
period perturbation is present in the inclination.
I. Runs made ion the CDC 6600) with an inclina-
tion of 59.4° did not exhibit this effect. so it is most



likely the result of resonance caused by the trun-
cation errors in the force model. A force model
with zero total density and with no errors equiv-
alent to low order harmonics would be much less
prone to cause such problems (Morrison 1972).

This is a very severe test in many ways. The model -

will be used with a spherical harmonic model of.
perhaps. degree and order eight. so it will be used
to model the last few parts per million of the
gravity field. A thorough analysis of the dynamical
effects of these computational errors on an actual
satellite orbit remains to be done. A qualitative
analytic analysis of the problem has been done by
Morrison (1972). More computer simulations and a
numerical verification of that study would be
desirable.
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FiIGURE 5. —The semi-major axis of the orbit of a particle moving
in a central force field modeled by the surface density algorithm
and equatinn (22).
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FlLLRE 6. — The eccentricity of the orhit of the particle.
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FIGURE 7.~ The inclination of the orbit of the particle,

VII. APPLICATIONS

Most of the work in developing the density
layer method of geopotential modeling has been
devoted to finding approximation techniques for
computing (1). Inasmuch as this is part of the art of
computing. as opposed to a purely mathematical
problem. it is “solved” in a satisfactory way. but
time and experience will bring improvements of
some sort. More analysis and programming are
needed for adjusting the density values from com-
binations of various kinds of data.

The present program. using 5° blocks. is suitable
for using satellite tracking. satellite altimetry. and
gravity anomalies which have been averaged over
areas of about 5° *“squares.” The model corre-
sponds. more or less. to a spherical harmonic ex-
pansion to degree and order 36. A study of the
frequency response of the model is included in
Morrison (1976). Since the data quantities and
density values can be related through linear integral
transforms. either exactly or to a high degree of
approximation. the data can be combined in a con-
sistent and optimum way by covariance methods.
The density layer method has been used by advo-
cates of discrete variable representations. whereas
the techniques known as least-squares collocation
and spherical harmonic sampling functions have
used. basically. orthogonal function interpolation.
The motivation to develop the discrete approach has
been mostly intuitive. based on the observation
that when you have to add a new term to your ex-
pansion in eigenfunctions for every new data point.
you are making unnecessary work for yourself and
your computer. and a discrete variable method is
better. It seems best to represent the long-wave
portions of the geopotential in spherical harmonics
and the short-wave parts with the surface coating.
The advantage of the surface coating over a discrete
variable representation of the gravity is that the
upward continuation transformation is much



simpler. i.e.. (1) is simpler than the Stokes’ integral
and more flexible as far as choosing a reference
surface.

Even for 5° blocks. the application of the covari-
ance methods for interpolation is not completely
straightforward. Williamson and Gaposchkin
(1973) have shown that gravity is not stationary. not
even for 1° and 5° blocks. Point anomalies should
be much less stationary than these means. A
problem of interest to some geodesists is the inter-
polation of deflections of the vertical. point anom-
alies. and gravity gradients. To do this will require
a program with a much smaller block size than 5°.

VIII. CONSTRUCTING THE EQUAL-AREA
BLOCKS

Equal-area blocks have been a popular means for
determining a uniform sampling of data distributed
over spherelike domains (Rapp. 1971). Making
the blocks exactly equal in area ie fairly simple for
spheres or oblate spheroids. and eliminates the need
to store and reference a lot of weight factors in
operations such as numerical integration.

The area of the zone between the equator and

latitude ¢ on an oblate spheroid is given by
Unguendoli (1972):

¢ cosédE
o (1—e*sin*§£)?

where @ = semi-major axis. and e= meridian eccen-
tricity. There is no need to resort to series to
evaluate (23). since the integrand is a rational
function if we use the substitution

A(d)=2ma*(1l—e?) (23)

x=esin§. (24)
The result is
: 2 (] — o2 sin &
A(¢)=ma*(1=e?) [l—e“sin“d)
1. 1+esind .
* 3¢ 8 T—es n(b] (25)

Strictly speaking. (25) is not defined for e==0. but

Lim A(é)=2na"sin ¢.

e—{

(26)

which is the correct result for a sphere. For small
values of e it is necessary to evaluate the logarithm
portion of the expression by series and cancel the
divisor e to avoid loss of numerical significance.

To establish a system of equal-area blocks. one
needs first to pick a block size. say 5°X 5°. Then
a number of zones are chosen. J=18=90°5" for
one hemisphere (the other hemisphere can be
obtained by reflection). One next chooses the num-
ber of blocks in a zone. starting {rom

n(i)—[3§? cos(dn)] (27)

where the zones are numbered stamng from the
equator: (¢;) = mean latitude in zone i (and for 5°
any other appropriate value may be substituted):
the [] symbolizes truncation to the nearest integer.
The area of the zone from 0 to ¢; is then

A(d))="= (28)

To find d; one substitutes 4 (¢;) from (25) into (28)
and uses the Newton-Raphson iteration. since the

_ transcendental equation is not readily solved. For

a starting value the spherical approximation may

" be used.
4 J
(8)0= S0 [ 3 n0). (29)
The derivative needed is quite simple.
. a(l—e*)cosd
ddidé =2 (1—e? sin? ¢)* (30)
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When a set of blocks is generated. they may be
tested for “‘squareness” using a criterion suggested
by Paul (1973) . .

ﬂth of side along mean parallel
the same along a meridian

Ri=
(31)

=]

If the values- of R; are not satisfactory one may
change the values of n(i) in a trial-and-error way
to see if improvement is possible. Setting up a
rigorous adjustment of the n(i) by some criterion

of obtaining a better approximation in (31) does not
seem worth the effort.

For the poles there are some complications. The
blocks at the polar zone are best divided into four.
and the next group into 12 (see figs. 3 and 8) and so
on. as

n(J)=4
n(J—1)=12
n(.;—-l.:)=4(l.-+l)'-'-n(j—l.-+ 1)
=4(2k+1)

k<.
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This is because the zones are nearly concentric
rings at the poles and for those regions

Ri-v=ml4

gives a better criterion for “squareness.”
For blocks of 5° only. the two zones nearest either

pole follow this rule. (See figs. 2 and 3.
3 and 4.

The 5° equal-area- block model chosen follows
the well-known Zhonogolovitch 10° blocks as closely
as was considered practical. The zone boundaries
near 10°, 20°, 30°, and 60° are the same. Table 1
gives the parameters for the Zhongolovitch blocks

on a sphere. table 2 for a spheroid.

and tables

F1GURE 8. —[dealized set of equal-area blocks at pole.

TABLE 1.—Zhongolovitch 10° equal-area blocks for the sphere

a=1.0000000000  5=1.0000000000  ¢:=0.000000000000  Sectors=1  Area=0.03064968442527
J N PHI-2 PHIBAR DPHI DLAMBDA RJ PHI-2 SPH
° L] ° ° ‘ °
1 36 10114144088 5057072044  10.114144088  10.000000000  0.984865728  10.114144088
2 36 19966058297  15.040101193 9851914200  10.588235294  1.037923106  19.966058297
3 32 20838766211  24.902412254 9872707913 11.250000000  1.033560986  29.838766211
4 30 40.083433915  34.961100063  10.244667704  12.000000000  0.95996235]  40.083433915
5 25 49982997154  45.033215534  9.899563239 14.400000000  1.027967879  49.982997154
6 21 60.260840340  55.121918747  10.277843186 17142857143  0.953783344  60.260840340
7 15 70298788126  65.279814233  10.037947786  24.000000000  0.999854857  70.298788126
8 9 80.185857012  75.242322569  9.887068886 40.000000000  1.030564385  80.185857012
9 3 90000000000  B5.092928506  9.814142988  120.000000000  1.045917823  90.000000000

Total 205

Il



\
TABLE 2. ~Zhongolovitch 10° equal-area blocks for the spheroid

a = 1.0000000000 b=0.9966470765 e+ =0.006694605000 Sectors= 1 Area =0.03058119674137

J N PHI-2 PHIBAR DPHI DLAMBDA RS PHI-2 SPH
L] ] L] o [ ]
1 3 10158613279 5079306640 10158613279 10.000000000  0.960520745  10.092007853
2 34 20048575322  15.103504300 . 9.889962043 10.588235204 1033621594  19.924951454
3 32 29049659806  24.99911756%  9.901084484  11.250000000  1.029789802  29.783459904
4 30 40209905973  35.079782889  10.260266167  12.000000000  0.957114533  40.020265940
S 25 50109306146  45.159606059  9.899400173  14.400000000 1025712019  49.919815831
6 21 60371219506  S55.240262826  10.261913360 17.142857143 0952431222  60.205546609
7 15 70380067424 65375643465  10.008847918  24.000000000  0.999117443  70.258024753
8 9 80228851341  75.304450382  9.848783917  40.000000000 1030310595  80.164278502
9 3 90000000000 85114425671  9.771148650  120.000000000  1.045929007 90000000000

Total 205

The following legend is used for all tables in this text:

a = Semi-major axis DLAMBDA = Extent of block in longitude
. b= Semi-minor axis Ri=R;=See (31)
e=Eccentricity of the spheroid PHI-2 SPH = Spherical latitude for PHI 2
PHI 2= Latitude of northern edge of block J =Index of zones in one hemisphere
PHIBAR = Average latitude of block N = Number of blocks in one sector of a zone

DPHI =Extent of block in latitude

TABLE 3. = Five-degree blocks us_ed Jfor geopotential modeling for the sphere

a = 1.0000000000 4=1.0000000000 ¢*=0.000000000000 Sectors =4 Area =0.07662421106316

J N PHI-2 PHIBAR DPHI DLAMBDA RJ PHI-2 SPH

18 5.037335850 2.518667925  5.037335850 5.000000000  0.991629292 5.037335850
18 10.114144088 1.575739969  5.076808238 5.000000000 0976274270  10.114144088
17 14.983246004 12.548695046  4.869101916 5.294117647  1.061314857  14.983246004
17 19.966058297 17474652151  4.982812293 5.294117647 1.013442458  19.966058297
16 24.803794163 22.384926230  4.837735865 5.625000000  1.075117645  24.803794163
16 29.838766211 27.321280187  5.034972048 5.625000000  0.992560304 -  29.838766211
15 34.801265705 32.320015958"  4.962499494 6.000000000  1.021753384  34.801265705
15 40.083433915 37.342349810  5.282168210 6.000000000  0.901863137  40.083433915
13 45.017042172 42.550238043  4.933608258 6.923076923 1.033751458-  45.017042172
13 50.419641072 47.718341622  5.402598900 6.923076923  0.862118040  50.419641072
55.035992386 52.727816729 4.616351314 . 9.000000000 1.180676862 55.035992386 -
10 60.260840330 57.648416363  5.224847954 9.000000000 0921752781  60.260840310
1 64.480541509 62.370690925  4.219701169  12,857142857 1.413012628  64.480541509
7 69.485799940 66.983170724  5.005258431 12.857142857 1.004376110  69.485799940
S 73.940639486 71.713219713  4.454839546  18.000000000  1.267816931  73.940639486
4 78.662967149 76.301803318  4.722327663  22.500000000  1.128293217  78.662967149
3 84.338423235 81.500695192  5.675456086  30.000000000  0.781245113  84.338423235
1 90.000000000 87.169211617  5.661576765  90.000000000  0.785078675  90.000000000

Total =205 X 4= 1640
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TABLE 4. — Five-degree blocl.';s used for geopotential modeling for the spheroid

a = 1.0000000000 b=0.9966470765 2= (.006694605000 Secturs = 4 Area = 0.07645299183343
)N PHI-2 PHIBAR DPHI  DLAMBDA RI PHI-2 SPH
o o L] (] L] [ ]
1 18 $.059836888 2.529918444 5.059836888 $.000000000 0.987210982 5.026137369
2 18 10.158613279 1.609225084 5.098776391 $.000000000 0.971992256 10.092007853
3 17 15.047475056 12.603044168 4.888861777 5.294117647 1.056801567 14.951263466
4 17 20.048575322 17.548025189 5.001100265 5.294117547 1.009328610 19.924951454
) 16 24.901674946 22.475125134 4.853099625 5.625000000 1.071017871 24.755008330
(] 16 29.949659806 27.425667376 5.047984859 5.625000000 0.989068218 29.783459904
1 15 34.921630212 32.435645009 4.971970406 6.000000000 1.018502939 34.741194898
8 15 40.209905973 37.565768092 $.288275761 6.000000000 0.899333629 40.020263940
9 13 45.145343214 42.677624593 4.935437241 6.923076923 1.031256833  44.952912706
10 13 50.545592266 47.8454677 5.400249052 6.923076923 0.860386605 50.356634602
11 10 55.156394527 52.850993396 4.610802261 9.000000000 1.178755745 54.975721014
12 10 60.371219506 57.763807016 5.214824979 9.000000000 0.920586272  60.205546609
13 7 64.580143945 62.475681725 4.208924439 12.857142857 1.411668910  64.430619998
14 7 69.569857941 67.075000943 4.989713996 12.857142857 1.003702695 69.443646351
15 5 74.008705762 71.789281851 4.438847821 18.000000000 - 1.267271917 73.906491693
16 4 78.712308656  76.360507209  4.703602894  22.500000000  1,128022369  78.638205110
17 3 84.363550821 81.537929738 5.651242164 30.000000000 0.781180387 84.325809778
18 1 90.000000000 87.181775410 5.636449179  90.000000000  0.785081504  90.000000000
Total =205 x 4= 1640
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APPENDIX 1. NOTATION

Most notations in this paper are standard: symbols
undefined in the text are:

G gravitational constant

r position vector on the Earth

r. position of a point where potentml is com-
puted

XaYsZx COmponents of r,

T _anomalous gravitational potential

U gravitational potential

x, & dummy variables .

A longitude

) latitude (spherical coordinate)

X density

c _surface area

APPENDIX II. DETAILED
MATHEMATICAL DEVELOPMENTS

This section is comprised of a detailed presen-
tation of all formulas used. In some cases. options
not used in the programs are described so that this
material will be suitable for a number of programs
tailored for specific purposes.

1. THE TAYLOR SERIES METHOD
A. Development of the Potential

T=3 AT
o= [ [ AN emd gy

-86 -3\ (1.1)

where
. r*=r—r,
andr*=|| r* ||
The integrand is abbreviated to
_ Xr*cosd
T 1.2)

and

a_
ad

_Xrisin® _ar* yrt cos -3
r* P r*:

[ 23X | o a¢]

o
o ot xricos ®
aA oA r*:

+cos¢[r=

(1.3)
4 808 ¢

r*

(1.4
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a2 : * 2, 9
a¢==2(—r,;) xsm¢a—;7—2r—,,sm¢—§
4x—sm¢ﬁ—7-xcos¢
ot (5) (5 s 25
__ 9 C08¢ or X
2 —— - a‘b[r* +2rxa¢
cos® [, arox a3
e [4 a6 3 ’a¢"+2"(a¢)
+2ry a¢] . (1.5)
a*f _ __ ar* ar* : or*
aban ~ X o o8 ® S5 ox +x( )’md’ak
z [.4
.x(r) os¢a¢a)‘ r‘,costb{[ 30
r]ar* X'
*x a¢, a [ +2x aA] a¢}
-—f;sintb[ -x+2x ]
cosd [, dr dx 4 .
e (Tt a¢ax+2”‘a¢ax
or ar ax or .
*+2x X36 aA+2 0% ax] (16)
5 g con () g cond 220
FTE 2x r*,costb(a)‘) x cos ¢ N
_ocos® ar* 2 90X
2 o [er +r ax]
cosd [, arax  ,3% 3r
T [ T TR TEREL T
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+2x (&) ] (L7)
l"=r-l':
(1.8
=[r
= (rtepte (1.9)
re= (X Yo 20T (1.10)

The vector r, is the satellite position. r the
courdinates of the increment o on the reference
surface.

r=r(cos dcos A.cos ¢ sin A,sing)T (1.1])



-£=r"' 3 (1.12)
ar* _r* ar
H=F5r (1.13)
ar o oo r
aj‘-’=r_(—smd;cosk.—smd;smh,cos¢)
+6r( « oy i gy
3¢ fcos ¢ cos A, cos ¢sin A, sin @) 1.14)
ar _ . ' r
n =r(—cos ¢ sin A\, cos ¢ cos A,0)
or r (1.15)
oA r )
20 L Lo B0 ()]
ye r*[r+ 2o°  \29 (1.16)
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360N r*lad ox " agen ae an] (117
atr* I [[/ar\* a*r  [or*\?
Se=n @)+ -5
ar ra:r.
Freiaiat A el
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3%;—)‘=r(sin¢sinA.—sind)cosA.O)T (1.20)
+ (—cos ¢ sin A. cos p cos A, 0)7
CL
a_);-___ 0 -1 0}r (1.21)
9 0 00

Most terms with 9:r/aA? are omitted.

Substitute (1.2) into (1.1) and expand by
Taylor's theorem:

+4

- Ay AA Q_L _ i[ _
Ar_f-uf..u {ﬁ'+ 39 (470 5x (A=)
2 2L 8-o: +2. 2L (6-du (A=)

[ ao* 9¢aA

*f}f (A—Ao)2]+ . } d\dé. (1.22)

All the terms containing odd powers of (& —d.)

or (A—A\,) integrate out to zero. which includes all
the third-order terms. Hence. we can find

- 28 ape 128 4.,
_AT—A¢A)\[4fo+ 3 5 067 + 220 )

+0(40", AM)]- (1.23)

B. The Expressions for the Gravity Vector

The formula
Ag=VT (1.24)
is fundamental.
Substitute (1.23) and (1.1) into (1.24)
(1.25)

Ag=V Y AT

=3 [4Vf°+ % V /oo AD? +§ VIMAM] AdAA
' (1.250)

r*
Vfo= xrtcos ¢ - (1.26)
The only factor of (1.2) that is not constant with
respect to V is 1/r*, and V operates on (1.5) and
(1.7) similarly. Actually. (1.6) is not needed and
(1.3) and (1.4) are only steps to derive (1.5) and
(1.7).

Gradients of derivatives of r*

3ty _lar rar
v(a¢) e Triag (12D
. ar* — lar r* ar*
.V(a)\)_ ™ aN 2 9N (1.28)
v("""*)=;’:(a=r*)_i[ﬁ
a¢= r*2 a¢-' r* a¢_,
| ar* ar*
fz’aT,V(a_)] (1.29)
v(a'-'rﬂ)-_-r_*(a-.'r*)__l- ﬁ
R e\ gz =T
“a-).v(a)‘)] (1.30)

We may i"act_or out seven distinct functions of r*
from fse and fia. It is convenient for program coding

. to write these as elements of 4 X 4 matrices ®and A.
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¢||=llrf (1.31a)



q)l:; H_,E (l.3lb)
32t

T 2 ot (1.31¢)

l /or*
"srﬂ(‘,-d,)' (1.31d)
A||.= ¢l| (1-325)

Lo

A= 2 30 (1.32b)

2%
o= 2E (1.32¢)

*\ 1
Au="_‘}.';( %L) (1.32d)
Then we can write

(foo- V foo)T=D a (1.33)
vV fa)T=A B (1.34)

with @ and B being 4-vectors:

cn—--2—x r? sin ¢ — 4xr sm¢a¢ —xré cos &

dd
. ar ax , % 0, QL)'
+cos¢[ r-aj;a—‘b-‘- a¢ + 2x ( Y
3ir '
+2rx a—-_] (1.35a)
a:=2xr:sind—2cos ¢ [r*% + 2rx%% ]
{1.35h)
@, =— Xr:cos ¢ (1.35¢)
= 2xrt cos & (1.35d)
ax 9°X acr
Br=cosd [4r st er Tl o g

11.36a)

= ar L 29
B:=2cos ¢ [ 2rx T 'ax] (1.36b)

B:l = Qa3 (1.360)

Bs=ay (1.36d)

The remaining rows of @ and \ are obtained by
applying the operator V to the first row of each

(@, Dy, Dy )T=V (l) =,% . (1.37a)

~
(Awre Asrs Aa)= (@21, ®ar . Bur)  (1.38a)
(@2 Brz. )T =2 g; v( 1)
* 5V (%’é) (1.37b)
(A, Am. Au)T=% %’rv(;‘;)
+;3-,- v ( ‘;L;) (1.38b)
(¢-_-:|.¢:||.¢4:|)’=;2; %—;{;V(;l;)
: +,%V(gg—*) (1.37¢)
(Aer. A Ay = & ‘%’-__’,fv( -rl;)
) +-r%__,V( %z—':) (1.38¢)
wtmnar= {5 )o(2)
o) o
e (5)9(3)
Z(E)v(E) s

C. Special Procedure for the Cosine Factor in
{1.2) for Large Block Sizes.

For larger block sizes one may wish to use an
approximation higher than second:order to cos @
intl.2).



Let

f==Hf:os¢ (1.39)
2
=X (1.40)

The expansion in Taylor series is now done as

f=cos ¢ {Ho+(d — do) He+ (A— o) Ha
+3 10— 607 Hus + 2Har @ = a1 =10

+(A— Ao)"' H;A] + ... } ¢ (1.41)
Integrating the zero-order term
s
f Hy cos ddodA = 2AAH, f cos ddo
- a0
= 4ANHs cos o sin Ad - (1.42)

Comparing this to (1.23) we can observe fy =
Ho cos ¢o and sin A¢ is fairly small (less than
7Y/2°), we can use

_A¢* _Ad7

120 “s0007 0 14

sin Ad = A — 6 Ad* +

Since

Ag?

sin Ad = Ad — 6 (1.43)

was assumed in (1.22). we can add the remaining
terms of (J.43) to get a correction to (1.23)

8:(AT) = Ad"“”‘f"( 1- Ad? ) ‘

30 22 (1.44)

None of the factors in the correction depends on
the satellite distance r*: they depend only on the
block size used.

Another correction of the same order as (1.44)
may be obtained from the consideration of the first-
order terms of (1.41). The term containing (A—
Ao)H, integrates out to zero, but VaHuid —do)
cos ¢ does not. Hence. we may write

AT| = ';' f”¢(¢—¢u) cos ¢d¢dA

=30
=A\H, { J._d’ e ¢ cos pdd

& - Ad -
—da f cns ddd } - (1.45)
h=A¢

The integrals in (1.45) are standard forms and
simplify to

AT, =2ANH,sin ¢po(Ad cos Ad —sin Ad) - (1.46)
The trigonometric functions of A¢ in (1.46) can be
expanded in Taylor series: the terms in A¢ drop
out:

AT, =-— % AMAGH, sin do

1

Since the first term of (1.47) is alreadv included in
(1.23). the correction is

8 (AT) _15' AAA¢ Ho sin ¢o ‘1-48)

All other corrections would be of even higher order
and have been neglected since they will not
improve the accuracy of the computation.

D. Corrections to the Gravity Vector

Applying the operator V to (1.44) yields

AdSAA ( | A

Vs (AT)] = 30 422).Vf.,- (1.49)

For (1.48) the resiilt is

SAM )
V [8:(AT)] = ‘L‘:s"— sin WVHs.  (1.50)
=_ Xr2art
He r*? ad-
=—-xr3(b|._.‘ (1.51)
=ANH, = — xr}(day, O Pa)T. (1.52)
2. THE METHOD OF blN(,UL\RlTY
MATCHING
A. Computing the Potential
Instead of (1.2) we use
AT=G f f L gnd 2.
Ve ') 2.1)
where [ is now defined as
S=xrtcos ¢ 2.2)
and
g=r*! 2.3)



To compute the integral (2.1) expand f and g in
Taylor series about (da. An)

fofokfobs + bk + 3 fsodt?

+ 2 frABAN + firdAZ| + . . . (2.4)
8= g0+ 8sAG+EAA + % [BesAd?
+ 2800 A0AN + gaAA2 |+ . . 2.5)
Substituting (2.4) and (2.5) into (2.1) leads to
: A + BAX + CAX®
AT = d\dep - (2.6
VD Ema i e @9
w.i!h .
A= fo+ fobd + 3 faab. (2.7a)
B =fi+ fadd, (2.7b)
c=1s. @7c)
2
D= 8i+gehd + Toald’,  (7d)
E=g+ g“Ad;. (270)
F= ‘Env 2.7
Jo= xr* cos ¢. (2.8)
f;—ad’r- cos ¢+2r§d-)x cos ¢ — x r¢sin é. (2.9)
= 283X 4 Brox _
fos = cos ¢[ a0 T tapae T X ad> (2.10)

(30N i oo 2
+2x(a¢)] S|n¢[2r Py 4rxa¢] Jo.

8 .8
fx=cos¢[2rxa—;+r-3§] 2.11)

2 ar a
flh=c°s¢[2 (ar)+2rx——+4 & <X

aA arT A aA
a.
* "ﬁé] 2.12)

fm——smd:[er a—)‘+r-‘2x] 2.13)
9, 3.3 i
+°°s¢[2"a¢ax+2'(xa¢ax
ar 3y | dr Qx) . 03X
+tonae Taean) T anel
& = r*z, (2.14)
ar*
= — .15
30 2r‘a¢.. (2.15)
ar'
n=2r*— o (2.16)
art 3_':)] 217
g“=2[r"‘a¢2+( : @17
ar*art | 4 9%t ] 018
eax—Z[aAa¢+r'_a¢ah 2.18)
and
= ar L& 9
2[(ax)+"' a)?__,] (2.19)

where (1.17) is applied. The derivatives of r*
and r"are obtained from (1.12). (1.13). (1.14). (1.15),
(1.16) and (1.20).

The computational strategy will be to integrate
(2.6) analytically with respect to A. This will elimi-
nate the improper condition {from the integral. The
integration with respect to ¢ then can be done
numerically in a completely straightforward man-
ner. The possibility of doing some or all of the
integration with respect to ¢ by analytic means will.
be treated elsewhere. Special procedures for very
low altitudes also will be treated elsewhere. These
formulas will be suitable for satellite altitudes.
typically 200 km or more.

We now define

Aot A
(AT); = (A; + BiAX + CiAA?)
Ae=2dA

X (Di + E: AN + Fida2)-vizda (2.20



where the subscript { indicates A, B. etc. are
evaluated at sequentially spaced intervals of ¢

Go—Ad=1 < P:2:<Ps ... <Pu-1 < s
=¢o+ Ad
bi-1— di=8¢;

so that (2.6) can be computed from (2.19) by

numerical quadrature formulas. For simplicity the
subscripts will be omitted in the detailed formulas
that follow.

Let us adopt the abbreviation

X=FAN+EAN+D (2.21)
and -also drop the A symbols, so we can write
X=F\t+EN+D
(AT), =f (A + BA+ CAt)X - Vid), (2.22)
All this does is move the working origin to the

“center” of each equal-area block. Now we can
apply standard forms to obtain

(AT)[ AI +BJ’AdK fkd)\
—A.[ [VX = f/}‘)'(] (2.23)
+C[(2;‘ i )W—‘

+3E'—'—4DF A ]

8F: VX

(Peirce and Foster 1956. eq. 174 and 177).
By collecting terms we obtain

BVX _3E
(AT)'“_+C[2F 4 Fe ]W+OI\/7¥
(2.24)
with
Q=A- 2F+‘—”"-—;F4_D—F)£. (2.25)

The expression [ X-1'* dA can be considered to
define a function with two poles: one at each rnot
of X. Hence. for all values of D. E. F it can be
expressed as a single elementary function of a
complex variable. at least when we exclude negative
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values of the square root. Since we have the special
case that D, E, F are all real and that the result is
real and the integral is taken only on the real line.
it is more efficient computationally to express
J X2 d\ as different real functions of a real
variable and use the one désignated by appropriate
functions of D, E, F. Using the appropriate complex
function would about double the amount of
computation.
The auxiliary functions needed are F and

q=4DF - E=.

The. three useful basic forms are

(2.26)

(2.27)

sinh- ,(m+£)'

Ve

F>0,¢>0;

\/X\/F‘

a1
VX V=F "

-(825)

F<0,¢9<0.

(2.28)

and
dA 9
g = \/F__log(\/)?+)\\/f'+ vrr)' (2.29)
F>0.

Form (2.29) is very handy for evaluating definite
integrals. since the difference of logarithms is the
logarithm of the quotient of the arguments

log x—log y=log ;: (2.30)
hence
a x(AA)
log [K(A)]_.n—los[——x(_ M)]. (2.31)

where x()) is a function of A. Similar. convenient
forms can be obtained for (2.27) and (2.28) by
applying appropriate identities.

The inverse hyperbolic sine may be expressed
in logarithms as

sinh-!'x=log (x+ Vx*+1), (2.32)

so (2.31) may be applied to evaluate a definite
integral of the form (2.27). Definite integrals of the
form (2.28) may be evaluated with the identity

sin-'x—sin~'y=sin-'[x V]=y' =y V]i=2?]
xW—yr-y\/l—x]
xy+ V]l—xV

-—tan"[

(2.33)



In some cases F=0, or F may be so small that
2.27). 12.28). and (2.29) may cause numerical
problems. If E is not similarly small the ap-
proximation

AT =~ J'IA+BAA+CAA dAdd

VD Tk (2.34)

may be used in place of (2.6). The analog of (2.23)
is. then (Peirce and Foster. 1956. eq. 100. 101.
102):

(a7),= VDF Ex | 2 - _2me0-En

E. 3E:
2C (8D —4DEX + 3E:A2) ] |3
+ e ] L, (239)

Both EAA and FAA? may be small compared to
D, so that the binomial series is the most accurate
method to use.

sy p-ta |1 EAEFN
(D+EN+FA2)-ta=D-" [1 D
3/EN+FAN\: 5 (Ex+FA)\

+8(. 5 ) 16( = )+]

(2.36)

Computing (AT), is done by multiplying and
integrating power series in the usual way

RV
J' :A(A +BA+CN) X~ dh=D-" {zm

.2\ u[p_BE  34E: _AF
*3'“'[0 20 D ZD]
+A)\-‘[3 CE: , 3AF: 3 BEF cr]
5 (s D TaD T2 D D
+ ﬁ AN % TO(.W)} (2.37)

The use of binomial series might be feasible over -

an entire block. but in some cases £ and F will
be small only for a limited band in latitude and the
expansion of AT would not be accurate if done in
terms of ¢ as well as A,

B. Gravity From the Singularity-Matching Method

Let us determine the gradients of the factors
in (2.24):

=-C gp-(3EC_B

Ve=~3FVD (4F'—' zr)v.E
BE-CD 3CE: _
(S —T)°F @38

VD=—2* =29 2= ZF 54

Ery Y (2.39)
ar ar
") e = D) e,
VE 255 2 Y A.&¢ (2.40)
o%r
VF= N (2.41)

The derivatives of r are given in (1.14). (1.15).
(1.19). (1.20). and (1.21).

The gradient of (2.24) is given by

\7(A1');=<7{‘3Fﬂ c[',_,;. ”,]\/X]
+(VQ) f +QV f (2.42)

The first part of (2.42) is written symbolically
because for the case of constant density blocks on
an oblate spheroid _BE.C =0: moreover, for that
case V 0 =0. Then (2.42) reduces to

V(aT)i=QV j % (2.42A)

If (2.27) or (2.28) is used. it is convenient to define

(2.43) :

= (2F\ + E) | |-t
and obtain
d\ _ 1 N
vfw_(- S F-52(VF) sinh-1 ¥
+ [F(1 +Y:)]-»2VY. (2.44)
vj dr =% (=F)-%:(VF) sin-t¥
+[-F(1=Y2)]- VY, (2.45)
with
= |q|-"2(2AVF + VE)
—%(2FA+E)|q|--WV|q| (2.46)
Vigl=L v (2.47
lql a9 (2.47)
V ¢q=4(FVD+DVF)-=2EVE. (2.48)
If (2.29) is used. define
Z=X"*+ \FV:+2EF-"2 (2.49)



and obtain-

(dh 1w Lz
vax S F(VF) log Z + 2= (2:50)
with
1 - 112 A -t
VZ=3X""VX+5F"UF
-+ 2F ""VE - EF""VF (2.51)
V X =VD.+ AVE + A?VF, (2.52)
.Where B=C=0, (2.35) simplifies to
o7 =2 VbTEr
=TV +EA (2.53)
and
van=-2EVD
For B=C=0 (2.37) simplifies to
. Y AX-da=D- v (2.53)
A
34E: AF] 3 AF:
W= _AAA+3 A)\'[T—ﬁ] —A)\‘—D—_—
(2.56)
v [ ax-vdr=D- v-vw--mr--vo
-3A
(2.57)
vw = an [6A £ v -4 V(F/D)]
+l—0,w Egwrpy. (258
V(EID) = (DVE —EVD)/D* (2.59)
V(F|D)=(DVF—FVD)/D:. (2.60)
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3. POINT MASS AND NUMERICAL CUBATURE
ALGORITHMS

The simplest possible numerical cubature
scheme was used by Koch and Morrison (1970) and
Koch and Witte (1971). The constant density blocks
were divided into four sub-blocks and the distance
r* from the sub-block to the satellite was used: each
sub-block was weighted by its area. Obviously.
this is the same as using four point masses. Any
conventional numerical cubature would corre-
spond to some array of point masses.

One sets up the array of sampling points in the
. A coordinate system and apphes the numerical
cubature formula to

(3.1)

to obtain

. wiX{(di. Ai) cos giADAA

AT"= N
.2:. (xi=2:)2+ (yi=y:):+ (2i—2.)°
(3.2)
X €os A; cos ¢;
(Jﬁ) =ri(di. i) (sin A; cos @; 3.3)
2z sin ¢
(3.4)

T= z ATn.

where us are the cubature formula weights.

For the formula actually used. N = 1. and w,
AdAA cos ¢ ;= area of the block or sub-block.
Hence, (3.2) simplifies to

ATII=AHXII/’T, (3-5)
and
V (AT,) = Auxa V (1/r%) (3.6)
with
Xn—Xx
v (liry )"r'.'<f:_:"')' (3.7



@

15

20

PROGRAN - DETOUR

€0C 60600 TN v3.0-324

PROGRAM DETOURCINPUT, OUTPUT)
PROGRAM DETOUR IS THE DRIVING ROUTINE.

COMMON/GEOCON/ALFALL)
COMMON/LYNX/BETA(21)
COMMON/OLECOR/GANNACT)
COMMON/CONST/EPSTLONC 180)
COMMON/XDY/2ETACS)
COMMON/VRBL/ETACT2)
COMNON/EARTH/THETA(1640)
CONMOR/KEYSYN/LIOTAC182)
COMMON/QUAD/KAPPA(25)
COMMON/SCRTCH/LARBDA(S)
COMMON/POINTS/NU(5300)
COMMON/AXEL /NUCS)

CALL SETUP

CALL TTEST .

ST0P6600

END

OPIa}

03726770

13.05.18.

PAGE

INLLSIT 43LNdNOD AALVLONNY ‘¥



£C

15

20

25

33

40

43

SUBROUTINE TTES

T CDC 6600 FTN v3.0-324 OPI=) 03/26/76

SUBROUTINE TIEST

TTEST CONPUTES THE POTENTIAL AND ATTRACTION OF A POINT MASS AND
CALLS OTTOX 10 COMPUTE THEM FOR THE APPROXIMATE DISTRIBUTION ON AN
OBLATE SPHEROID. )

COMMON/GEOCON/DYR, SR, ECCSQ, XMV
COMMON/LYNX/X(6), UVW(O), ROTRAT, PI, PI10180, TWOPI, FOURPI,
THETA, SINTH, COSTH, FLMJD

. COMMON/DIFCOR/COSE, SINB, RAD, RAODXY, RAD2, RADXY2, RAD3

96

100
€...
10

C...

C...

C...
€...
...
C...

22
101
1

COMMON/AREL/IGRAV, DX(3), JTEM

COMMON/VRBL/XS(3), RIN(3,3)

COMMON/XDT/TT, DIDX(3), FACTOR

DIMENSION UTOPIAC3), UE(L), UEG(3), UES(3), ULO(3)

!ouxvlttgct (YS,XS(2)), (2S5,Xx5¢(3)), (UE(2), UEG(1)),(UTOP1A,DX)
KOUNT =

CONTINUE

KOUNY = 0

FORMAT(F16.9, &X, 3F15.8)

READ TIME, ASTRONOMICAL LAT TUDE, LONGITUDE, RADIAL COORDINATE.
READ 100, TIMES,PKIS,XLO.,S, RS
IFCTINES.LTY.0.0) cALL EXIT
CONVERT ANGLES TO RADIANS.
PHIZ=PHIS+0.017453292519943
TLONGZ2RLONGS*0.0174532925190943
COSFI=COS(PHID)

RS = RSe*DYR

AS3= ASen}

COMPUTE EARTH-FIRED COORDINATES.
XS = RSoCOSFE~COSC(XLONGE)

¥S = RSoCOSFIoSINCXLONGD)

SINF] = SIN(PHID)

IS = RS*SINF]

Uve(Y) = xS

Uve(2) = v§

I3) = 1§

FACTOR = 1.0

CALL SECOND(TTY)

CALL OTTDX

VALUES FROM SUBROUTINE DTITOX.

17 POTENTIAL

010X ATTRACTION COMPONEMTS.
ANGLE 1S TME

CALL SECOND(TT2) .

TEA = T12 - 110

GEE2 = OTOX(1)0e2 o DTIDXC2)0e2 o DIDR(3)e02

GEE = SORT(GEE)

15 (KOUNT . NE.0) 60 TO 22

PRINT 101

PRINT 104

CONTINUE

FORMAT (1M1, 10X, 1HR, 8X, INPHI, 7X, 6HLANBDA, 11X, 1HU, 161, 2HUX, 16X, 2HUY,
16%,2MU2, 161, 116G )

13.05.18.
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65

70

75

L}

20

95

SUBROUTINE

TTEST €0C 0000 F TN v3.0-324 OPTs=1 03/2617¢

102 FORMATLLX,$10.6,2F12.0,35E18.10
106 FORMATC VX E13.6,2F12.06,35E18.10 )

17 CRS.GT.999,99009095) GO 10 25
PRINT 102 ,RS, PHIS, XLONGS, TT, DIDXC(1), DIDXC2), DTOXt3), GEE
G0 T0 26

25'PRINT 106 ,RS, PHIS, XLONGS, TV, DTOX(1), DIDX(2), DTDN(3), GEkE
26 CONTINUE

4
C..
(...
C...

KOQUNT=KOUNT + 1

COMPUIE VALUES FOR A POINT MASS OR UNIFORM SPHERICAL DISTRIBUTION,
UTAH POTENTIAL

UToPIA ATTRACTION COMPOMENTS

UTAH = XMU/RS

UTOPIAC1) ==~(XMYsXS(1))/RSS

UTOPIAL2) = ~(XMUsYS)/RS}

UTOPIA(3) = =~(XMU*2S)/RSS

GP2 = UTOPIAC1)en2 ¢ UTOPIA(2)ne2 + UTOPLA(3I) ne?

GEEP = SQRT(GPQ)

PRINT 105, UTAH, (UTOPIA(KKK), KKK=1,3), GEEP

103 FORMAT(38X,5¢18.10 )

C
C...

KOUNT = KOUNT ¢ 3

COMPUTE YRURCATION ERP~«S OF VALUES FROM DTTOX.
UECY) = YTAN - 1T

UEC2) = UTOPIACY) ~ DTDX(T)

UE(3) = UTOPIA(2) ~ DIDX(2)

UECL) = YTOPIA(3) ~ DTDX(Y)

GE = GEEP - GIE

PRINT 103, (UE(KKK), KKK = 1, &), GE

KOUNT = KOUNT + 3

15 (GEE.LE.1.0E-42) GO TO 10

ERROR2 = UEG(1)992 » UEG(2)e92 ¢ YEG(3)re?

ERROR = SQRTYC(ERRORY)

PO 30 Ivy = 1, 3

UESCIVY) = (UTOPIACIVY)/GEEP ¢ DYDX(IVY)/GEED /2.0
VEDI(IVY) = (UTOPIACIVY)/GEEP - DTDX(IVY)/GEED /2.0

30 COntinue

[ T
4

ANUR = UED(1)202 ¢ UED(2)022 ¢ UED(3) 202

ADEN = UES(1)e02 o UES(2)9#2 & UES(3)es2

ANGLE . ANGLE IN DEGREES BETUEEN THE THEORETICAL Au»
CORPUTED ATTRACTION VECTORS.

ANGLE = 114,.5915590261+ATANC(SQRTCANUR/ADEN))

PRINY 105, ERROR, ANGLE, TEA

KOUNT = KOUNT ¢ ?

105 FORMAT(3BX, 9HABS(DG) = _E13.5,5X, 12HOEFLECTIION =,F13.9,5H DEG.
[

1 351, H'lﬂi = _F8.4,50 SEC.

104 FORMAYC(/)

16 (KOUNT .GT.52) XKOUNT = O
60 10 10
END

raGe

?
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SUBROUTINE SETULP (DC 6600 FTN v3.0-324 OPT=1 (03/26/76 13.05.18. PAGE

(...
...

C...

C...

C...

[ <
Ceen

SUBRQUTINE SETUP

COMMON/GEOCON/DYR, SR, ECCSQ, XMU

COMMON/LYNX/X(8), UVN(6), ROTRAT, P1, PI0180, TWOPl, FOURPI,

' THETA, SINTH, COSTH, FLMSD .

CONMON/DIFCOR/COSB, SINB, RAD, RADXY, RAD2, RADXY2, RAD}

COMMON/CONST/ D1(36), D2¢36), 022(38), DI1(36), 021(36)

COMMON/XDT/ TT, DTDX(3)

CONMON/VRBL/ XS(3), RTM(3,3)

COMMON/EARTH/ RHO(1640) .

COMMON/KEYSYN/KEV(36), KEEY(36), KEYSUM(37), KEESUM(37), WIK(36)

COMMON/QUAD/ INTGT, IRTL, DEEPHI, DEEFEE(10), DEFESQ(10)

COMMON/SCRTCH/US(3) ,U(3)

COMMON/POINTS/FCPHENS6,2), FCLANC2552,2), R(36),0R(36), D2R(36)

COMMON/AXEL /IGRAV, DX(3), 1TEM .

DIMENSION PHISPH(18)

N.B. THE (DC 6600 FORTRAN IV ALLOWS ONE TO LOAD COMMON BY DATA

PHISPH SPHERICAL LAT. OF N. BORDER OF N. WEMISPHERE “BLOCKS

oATA PHISPHI
0.0877226457377,0.1761387651605,0.2609487747858,0.3477560061365,
0.4320564016823,0.5198194379129,0.6063482369929,0.6984854081328,
0.7845763350315,0.8788890739735,0.9595073402986, 1.0507850152541,
1.1265264580253,1.2120202733884,1.2899116186106, 1.3724955970138,,
1.4717630250231,1.57079632679497 -

R SPHEROID RADIUS AT CENTER OF EACH BLOCK. .

DATA ’

1 0.9966552494476,0.9967202763778,0.9968349994554,0.9969770143438,

2 0.9971594289735.0.9973678447199,0.9976067771352,0.9978763272499,

3 0.9981642186147,0.9984662417476,0.9987602623835,0.9990411766387,

4 0.9992933018563,0.9995134867237,0.9996975056559,0.99984 16344681,

S 0.9990416897678,0.9999935212250/

oR DERIVATIVE OF R WRT LAT,

b

ATA oR /
1 -.0003293204460,~.00097601246276,~.00135372659667,-.0019913712636,
2 -.0028055254852.-.0027483404743,~.0030235933640,4.0032257790967,
3 -.003332020323¢,-.0033373476021,~.0032347008642,~.0030296614629,
& -.00273541046516,-.0023632173291,-.0C19227104544,~-.0014240619733,
5 =-.0008775797832,-.0002948443230/

D2R SECOND DERIVATIVE OF R.

DATA o2R 4
1 0.0033173064115,0.0031892505111,0.0029639096906,0.0026858183208,
2 0.0023229744340,0.0019107279252,0.0014363152502,0.00090035506196,
3 0.0003265757432,-.0002770035489,-.00086460974843,~.0014306000230,
4 =.00193841046082,-.0023828167453,~.0027547886644,~.0030467097636,
5 =.0032493581603,-.00335452466541/ :

OATA (FOURP] = 12,566370614350173)

THE KEY SYSTER FOR REFERENCING THE BLOCKS AND SUB-8LOCKS.
DATA KEY/4,12,16,20,28,28,40,40,52,52,60,60,64,064,68,68, 72,72
1 L,12,72,68,68,64,64,60,60,52,52,40,40,28,28,20,16,12,47
10111 :zsv;ag,g,;,;,;,;,f,:,gaf,s,1,1,1,l,1.!.|.l.1.',1.1

o250 Fop VpSy (AT AT AT B Bl Bd 4
oa®a’xEvSunsb ¢, 16.32,5280, 108, 148, 188,240, 292,332,412,476, 540,
1 608,676, 748,830, 892,964, 1082, 1100, 1164, 1228, 1288, 1548, 1400,
21452, 1492, 1532, 1360, (588, 1608, 1624, 1636, 1640/
oaTA kEEsSUN/D, 72, 168, 208, 268, §24, 380,460,540, 644,748, 608,868,932

M N -



92

63

70

75

85

SUBROUT INE

SETuP ’ .

...

C...

(DC 6600 fin v3.0-324 OPT=t 03/26/76

1 ,996,1006,1132,12064, 1276, 1348, 14620, 1488,1556,1620, 1684
2 #1764,1804,1908,2012,2092,2172,2228,2284,2344,2408,2480,2552/

IHE EQUATION NUMBERS IN THE MATHEMATICAL DESCRIPTION ARE GIVEN 1IN
, COLUNNS 72.....80

THETA GREENVICH HOUR ANGLE, SET 10 0.0 IN TMIS TEST.
THETA = 0 .
SININ =
COSTH = .
my =1 N .
INTGT NUMBER OF POINTS IN NEUTON-COTES INTEGRATION.
INI1GY = 7

INTL = INTGY =

XINTL = FLOATC(INTL)

pYR = 1.0

Pl = FOURPL/L.0

TVOP] = FOURP1/2.0

COMPUTE THE AREA FOR ANY SUB-BLOCK IN ALL 36 20MES.
D0 62 1Y = 1, 36
ViKY = 127 5382906627047 ¢C1640.*FLOAT(KEEY(]1Y)))

62 CONTINUE

C

(X1} aded

50 60 1y = 1, 18

108 = 19 - I¥

PHIBRS = 0.54PHISPH(]DX)
PACIY) = O.3ePHISPHCIDK)

105 = 37 - i

R(IDS) & RCIY)

DRUIDS) = -DR(IY)

D2RCIDS) = D2R(IY)
1FC10X.67.1) 01(1Y) = DICIY) - D.5+PHISPHEIDX=1)
1FC10X.67,1) PHIBRS = PHIBRS + D.5sPHISPH(IDX=1)
FCPHICIY, 1) = COS(PHIBRS) _ :
FCPRIC(IY,2) = SIN(PMIBRS)
FCPHICIDS, 1) = FCPMECIY, 1)
FCPHECIDS,2) = -FCPHICIY,2)
PUICIY) = DACIVIee?

IVTOP = KEYCIY)oREEV(IY)
p2(1v) = PL/IuTOP

p22(1Y) = D2(I¥)ee2

D21(IY) = DACIV)eD2¢IV)
D1CI0S) = DICIY)

920108) = D2(IT)

p11¢105) = 011C(EV)

821¢1pS) = B21(IY)

0220108) = 022(1¥)

0 60 Iv = 1, IuTOP

ARGL o« FLOAT(2e0W = 1Dep2I1)
10XL = KEESURCIY) o IV

10XL2 » KEESUNC3B=JY) = IW ¢ §
TCLARCIDEL, Y)Y » COS(ARGL)
FCLANCIDNL,2) = SIN(ARGL)
FCLARCIDELS, 1) = FeLaRCIDEL, 1)

13.05.18.
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FCLAMCIDEL2,2) = =FCLARMCIDXL,2?
60 CONTINUE
C... THIS SECTION LOADS THE DENSITY VALUES TO MODEL APPROXIMATELY A
3 CENTRAL FORCE FLELD BY A COATING ON AN OBLATE SPHEROID.
s 00 75 1 = 1, 36
CHI = 1.0/R(1)ee2
R(I) = RCIDeDYR
DRCI) = DRUIIsDYR
D2RCI) = D2R(I)sDYR
120 1 = KEYSUMCE) o 1
32 = KEYSUN(Te1)
00 75 5 = 1,32
C... LOAD DENSITY VALUES INTO COMMON.
QHOCJ) = CHIZFOURPY 73
125 75 CONVINUE -
RETURN
(17
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C...

(==~

Com=

(£ 22

C...

"OAn

C...

X A 1YY

SUBROUTINE OTTOX

DTIDX COMPUTES THE POTENTIAL AND ATTRACTION OUE TO A SURFACE
DENSITY ON AN OBLATE SPHEROID. THE DENSITY 1S PARANETERIZED BY THE
USE OF 1640 COUAL AREA BLOCKS, EACH ABOUT 5 OEGREES ON A SIDE.

COMMON/GEOCON/DYR, SR, €CCSQ, MY °

COMMON/CONST/ D1¢30), 02¢36), 022¢(36), D11(36), D21¢36)

COMMON/LYNX/X(6), UVU(O), ROTRAT, PI, P10180, TWOPI, foOuRPS,
THETA, SINTM, COSTH, FLRJD

CORMON/DIFCORICOSA, SINB, RAD, RADXY, RAD2, RADEY2, RAP3

COMMON/EARTH/ RHOC1640)

COMMON/KEYSYR/ KEV(36), KEEV(36), KEVSUMC(3?), KEESUM(37),WIK(36)

COMMON/XDT/EECNCL) , FACTOR

COMMON/VRBL/ XS(3), RIN(S,3)

COMMON/QUAD/ INTGT, TNTL, b!!'ul, PEEFEE(10),DEFESQCI0)

comnonsscricnsus )y Luis)

CONMON/POINTS/FCPHE(36,2), FCLARC2352,2), R(36), DRC36), D2R(36)

DENENSION DSRP(3), DSALL(3) DSR2P(3),DSR2L(S), FPHI(LY, FRERO(S)
DIMENSION FCOMP(4,2), PI.(‘ 6,2), ALBT(4,2), GRRTG(3), RSTAR(Y)
DIMENS T ON "1110) D(‘), !“), f(o), DZID'I.(!), GARGG(2,3)
DIMENSION ORDFIC(3), DIDLN(!) D2RDF2(3),D2RDL2(Y), IL'NI(G,IO)
DIMENS ION 6!01".(6) nuuo &), ‘GlAM? 3), GARG(2,3), 6RQGQ(S)
DIMENSJON GllM’(lO,S) GII(Z !) GIOIII(SD GRASHI2, i),‘ll"(!)

EQUIVALENCECPL(1,2, 1), R20F), (PL(1,2,2),R20L), CFONE, AF1)
EQUIVALEMCE (FFFC1D,FDF(1,10), (GRADFCY,1) F0F(1,2)), (G0,RSTAR2)
EOUIVALENCE(PLCY,3, 1), R2a26),  (PL(1,3,2) 02020, " (FOFB)
EQUIVALENCECA, ABC, @),  (F (1) 62200, (B(3S, v,

COEFFICIENTS FOR MEVTON-COTES NUMERICAL outonulunt ORDERS
DATA ALPNA/1.0,4+0.0,1.0,1.0,1.0,3+0.0,2.0,1. ,2 0,30.0,3.0, 1,2,%
3.0,9.0, s-o 0,8.0, 1‘ 0,64.0,12.0,2+0. 0,
9. o 378. 0,250.0,2+0.0, 2a8. 0, 4%, 0,216 0,27. o,lso 0,0.0,140.0, 6,7
5237" 0,25039.0,9261.0, 20023 0,0. 0.172 5 8
3086. 0,2)552 0 =-3712, o 41984.0, -90.0.,“175.0, L ]
25713.0, 1“669 0,9720. o INO% 0,52002.0,89600.0/ 10

DATACALBT(1,2) = 0.0), (ALDHZ 2) = 0.0)
oATACORDLACS)=0. 0, (d2roL2¢3)20. 0), (F¢4)20.0)
DATA (DZIDN.(!)IO.O)

THE EQUATION NUMBERS IN THE MATHERATICAL DESCRIPTION ARE GIVEN IN
coLunNs ?2.....80

INTGIY = IMTGT o 1
INTACT o INTGTY / 2

TAG2 = DYR

TAG = 0.25ebYR

ALPHER = FLOATCINTGT-1)eALPHALS, INTGT)
us SATELLITE POSITION 1IN EARTH-FIXED COORDINWATVES.
US(1) = uvucY) - :

Us(2) = yvuI)

us(3) = x(3)

50 101 N0 = 9, &
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63
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95
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101
C...

105

C...

C...
C...

C...
C...

C...

TECNeNOY = 0.0

CONTINUE

CYCLE THROUGH THE 3o zouts.

00 999 1 = 1, 36

J10P = KREY(D)

KT1OP = KEEYL])

FAKTOR = (2.00D1C[))/ALPHER

DEF] = (2.0°DVUINV/FLOATCINTGI-1)

0o 105 11 = 1, INTGT

DECFEE(]ILY = «DVC]) ¢ FLOATC(]L1=1)DEF]
DEFESQULI) = DECFEECIYVen?

CONT INUE

DELLAN = D2t])

DLANZ = D22(])

COSPHI = FCPHIL], 1)

SINPHL = FCPHIC], )

R1 = OR(])

R2 = D2R(D)

TUOR2 = R2 ¢ R2

ARE = R(])

RCOSF] = ARE=(COSPH]

RCF2 2 RCOSF]o02
ARE2 = AREe*eQ

[} COORDINATES OF CENTER OF BLOCK
Ue3) = ARE*SINPHI

RSTAR(Y) = U(3) - yS(3)

RSI3SQ = RASTAR(3)ee2

CYCLE OVER THE BLOCKS IN A IONE.

00 999 4 = 1, JTOP

JRNO INOEX TO BLOCKS = §,...,1040.
JRHO = KEYSUACI) ¢ J

JLAND = KEESURCI) o (J~1)exEEV(])

RHX = RHO(JRHO)
CYCLE OVER THE SUB-BLOCKS WITHIN A BLOCK.

DO 999 x = 1\, K10P

JLAR INDEX TO SUB-BLOCKS ~ 1,...,2552.
JUAM = JLAMD ¢

COSLAM = FCLAMCJILAM, 1)

SINLAN = FCLAMCILAM,2)

UC1) = RCOSFI*COSLAM

UC2) = RCOSFIeSINLAM

RSTARCY) = p(3) - yYsSe)

RSTARC2) = U(2) - yS(2)

RSTAR2 = RSTAR(1)en2 ¢ RSTAR(2)002 o nstsso

RST sSQRT(RSTAR2)

RS11=1,0/A8S¢

RST2=1,0/RSTAR2

RSIY = RSTI+RST2

TECRST . GT.TAG2) USE TNE ONE-POINT NUMERICAL (UBATURE.
IF(RST.GT.TAG2) GO TO 201

RS123 = 5.0 » RST2

CECL = COSPH]eCOSLAN

CESL * COSPHISINLANM

ORDFECId= ~YaCOSLAR ¢ RY1CFCL

DROFIC2)= ~WaSINLAM ¢ RTeCFSL

03726776 13.05.18.
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DRDFI(3) = RCOSF] oRT*SINLAN (.18
DROLMEY) s -Ut2) (.15
. OROLMC(2) = U(H .9
[ 4 DROLM(3) = 0.0 1.13)
115 PIRDF2(1) = =yU(T) ¢ TUORZsCFCL .19
D2RDF2(2) = =UL2) ¢ TWOR2e(FSL (1.19)
D2RDF2(3) = =uU(3) o TWOR2sSINPHI (1.19)
02RDL2¢Y) = =U(1) (1,20
02RDL212) = =-U(Q) (1.21)
120 DRFC = RSTARCI)eDRDFICT) ¢ RSTARC2)2DRDFI(2) o RSTAR(3)*DRDFIC(S) (1.14)
Gl = DRFC ¢ DRF( 2.1%)
DRSDFL = RSTVeDRFC Q.1
DRIC2 = =RSTAR(1)oUL(Z) ¢ RSTAR(2Iey( ) (2.16)
62 = DREC2 ¢ DREC2 (2.16)
123 DRSDLA = RST1eDRI(2 ~(1,13)
. GAA = RSTARC1)2UC1) ¢ RSTAR(2)&U(2)
G224 = RCF2 - GAA 2.19)
GIIA = ARE2 =~ GAA -VUsRSTAR(Y) (.t
FA = RHX*ARE2
130 FB = FA«COSPH]
. FC = FA=SINPHI
TWOR= ARE ¢ARE
FOUR = TWOR ¢ TWOR
4 IF(RST.GT.TAG) USE THE TAYLOR SERIES n:nqon.
135 IF(RST.GT.TAG) GO TO 601
¢ .
C... SINGULARITY-MATCHING METHOD,
4
D2ROPLL1) = <DRDFIL(2) (1.200
140 D2ROPLU2) = DRDFIC1) (1.200
C D2ROPL(3) = 0.0 (1.20)
DOTTIY = ~RSTARCI)«DRDFI(2) ¢ RSTARC)DADFIC(Y)
0OT12 = =DRDFICI)IaU(2) ¢ DRDFIC)eU(Y)
DRS20B = RSTI*(DOTIY ¢ DOIY2 - DRSDFIepRSOLM) (1.7
145 G21 = 2.0¢(DRSDFI*DRSOLM ¢ RST+DRS208) (2.18)
C 0 = RHOC],J)*ARE2+COSPHI (2.8)
F1 = COSPHI*TWORSRHXSDR(I) = F(C 2.9
F11 s COSPHI«(TWORSD2R(L) ¢ 2, omnx-nu)--Z) (2.10)
F11 = F10 ¢ SINPHISFOUR*DRC]) e RN (2.10)
150 Fil = §11 - DB (2.10)
F1I8 = 0.5 M1
C... CYCLE THROUGH THE MUMERICAL QUADRATURE.
00 445 11 = 3, INTGY
. A s FO o FIDEEFEE(]]) o FUIA«DEFESQOCIL) 2.78)
133 D(1) = GD o GI-DEEFEECII) » GVIA-DEFESQUID) Q2.70)
E(1) =:G2 o G21«DEEFEE(ID) (2.70)
C F(Y1) = 622/2.0 2.76)
5@ = E(1)ee2 '
00 46% ]B = 2, & s
160 1oL = 18 - 1
0(I8) = =(2.0=RSTARCIBLY ¢ 2, o-uoruuu-ouutun (2.39)
] s D2RDF2CIBLISDEFESQLI]) D .
(010 o 2. 0+(DRDLNCIBL) ¢ D2ROPLLIBLIDEEFEE(]I])) (2.40)
(& FU10) = =p2ADL2CIBL) 2.41)

103 440 (ONTIKUE:
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SUBROUT INE

170

175

180

185

190

195

200

203

210

215

1010

438

FL2i=yt )

F(3)=sgc2)

FORMAT(9£13.35)

ADY = ABS(D(1))

AEV = ABSLECY))

1FCAF1,.61.0.001+AD1) GO TO 443

AEY = ABS(EC(Y))
PFCAEY.GT.10000.00AF 1. AND.AEY.GT.0.01+AD1) 6O 10 439

THIS SECTION USES THE BINOMIAL SERIES.

buf = t.0/SQRT(DCI))

DL2 = DELLAM2e?

DL3 = DELLAMDL2

DLS = DL3*DL2

BIGED = ECT)/DCY) .
FED = FC1)IDCY)

ED2 = BIGEDee?

FED2 = FEDso2

DL323 = 0.66666006666667+DL3

FCT2 = Ae(2_ 0+DELLAN ¢ DL323¢(0.3754ED2 ~ O0.5+FED) +0.15+DL3+FED2)

DSQ = DL1)ee2

FEECR]) = DHEFCT2

b0 438 18 = 1, 3

18P = 18 ¢ 1

EOPR = (D(TI*ECIBPI-ECT1)sDCIBP))I/DSQ

FEDPR = (D(1)F(1BP) ~ FC1)eDIIBP)I)I/DSQ

GRADF(11,18) = (~0.5sDCIBPI*OHFsFCTI/D(Y)

1 ¢ DHFo(DL3232¢0.75+ABIGED*EOPR = 0.5+AfEDPR)
4 0.300A+FED>FEDPRDLS)

CoONTINUE

GO T0 443

THIS SECTION ASSUMES § = O.
CONTINUE

FORMAT(31S,6E16.7)

FEECIID = 0.0

GRADF(11,1) = 0.0

GRADF(51,2) = 0.0

GRADF(11,3) = 0.0

ECUBE = €SQsECY)

00 442 101S s 1, 2

§CY = 2¢181S-3

£C€2 = ~5CY

OLL = FC29DELLAN

FCT1 = SQRICDCI) ¢ EC1)aDLL)

ABC » A

FCT2 = CABCSABC)/ECT)

EFECIID = BEFCIID ¢ BCTI0FCT208C2

PO 4L2 18 = 1, 3

16P = 18 ¢ 1

€0 = E(1)0p(1BP)

OEP = DC(1)eE(1BP)

OFCTY = €0.5s( DCIBP) o ECIBPISDLLII/FCTY
DECT2 = -0 (ABCOABCISECIBP))IESY
GRADF(11,18) = GRADFCJI,18) ¢ FC2e(FCTIODFCT2 ¢ FCT24DFCTY)

CDC 6600 FIN V3.0-324 OPT=1 03/26/76 13.05.18.

(2.41)
Q2.e1)

Q.30

(2.59)
(2.60)
2.57)

(2.3%)

(2,54

4



[43

"SUBROUT INE

230

238

240

24%

250

2535

260

263

270

273

DITDX (0C 0600 FTN Vv3.0-324 OPT=1

LI.Z.

[4
LY} ]

~

1445

1440

1647
C...

CONTINUE
60 10 <45

CONTINUE

FSQ = FU1)en?

FCUBE = F(1)sFSQ

Q= A

FONE = ABSC(F(1))

FONERT = SORT(FONE?

RIF = SIGN(FONERT, F(1))
QRTF = Q/RTF

Q0 = 4 ,0+0C1)eF(Y) - ESOQ
F32 % CONECFONERT

Fx32 = SIGNC(FONERT F(1))
FF32 =°1.0/F232

Q00 = ABS(0Q)

R102 = $QRT(QQQ)

HALF = SIGN(O.S , F(1))
TUORTQ = 2.0+RT0Q

00 1445 10 = 1, 3

18P = J8 ¢

GROID = &L.0:(DCIBPICF (1) ¢ D(NIFCIBP)) - 2.0¢EC(1)eECIOP)
GROCQA(]B) = GRAIB.SIGN(1.0,Q4)

GRATF(IB) = (MALF+F(1BP))/FONERT

GRRTO(1B) = GRQQOC18)/TUORTQ

GRORTFC1B) = ~(0.5¢QsF (1BP))/EY2

CONTINUE

RADD = D(1) ¢ F(1)sDLAN2

€D = E(1)oDELLAN

RADY = RADO + €D

RAD2 = RADO - €D

ARCO = 2,0*F(1)eDELLAN

ARGY = (EC(1) +» ARGO)/RTQ

ARG2 = (EC(1) - ARGO)/RTOQ

00 1646 I8 = 1, ¥ -

18P = 18 ¢ ¢

GRD = DUIBP) ¢ FLIDPI#DLAN?

EPD = ECIBPIeDELLAN

GRADC1,1B) = GRD +€00 /.

GRADC(2,18) = GRD - €00

GARGO = 2,045 (JBP)DELLAN

GARG(1,IB) = (RYQe(ECIBPIICARGD) ~ (E(1)+ARGD)I+GARTA(]ID))/GAG0
GARG(2,1B) = (RYQe(ECIBPI-GARGO) = (E(1)=ARGD)*GRRTO(IB))/Q0Q
CONTINUE

A1) = SORTERADY)

R12 = SQAT(RAD2)

R101 = 0.5/a11

R102 = 0.5/m12

DO 1447 18 = 1, Y

CRIC1,1B) = RTIOVGRAD(Y,]1D)
GRI(2,18) = RI02+GRAD(2,18)
CONTINUE

1010.07.0.0) 60 T0 46
GARGY & SORT(1.0 ¢ ARG1ee2)

03726176

2.2%)

2.26)

(2.43)
(2.43)

(2.46)
(2.46)

13.05.18.
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BARG2 = SQRT(1.0 ¢ ARG2ee2)

DASH = ALOG!(ARG) o BARG1)/CARGZ o BARG2)) (2.3
CONY1NUE

FARGY = 1,0/BARGY

FARG2 = 1.0/BARG2

DO 1448 I8 = 1, 3

GRASH(1,10) = FARGI*GARG(1,18)

GRASH(2, I8) = FARG22GARG(2,18)

CONYINUE

G0 10" 447

COMT INUE

1FCABSCARGY) . LE.1.0.AND ABS(ARG2).LE. l 0) GO T0 449
1F¢FC1).61.0.0) co 10 452

CONYINUE

FORMAT (6X,6£20. 101

PRINT looz Qea, DC(V), EC1), FCY)

GO 10 475

CONTINUE

Al = 2.00(RTFRTY o F(1)eDELLAM) o EC1)
A2 = 2,0%(RTF*RT2 = FC1)sDELLANM) o EC(1)
TEST = AL/A2

LF(TEST.6T7.0.0) GO TO 451%

PRINT 1003, A1, A2

FORMAT(3X, &HARGG , 2620.12)

G0 10 453

CONT INUE ’

DASH = ALOGCTEST) 2.31)
00 454 18 = 1, 3§

18P = 1D ¢ 1

-FIDL = FUIBP)=DELLAN

444
C
(1% )

GARGG(1,18) = 2.06(GRRTFC [B)eRTY1 o RIFGRTC(Y, 1B) + FIDLIECIBP)
GARGG(2,1B) = 2.0e(GRRTFC 1B)eRT2 o RTFeGRI(2,18) ~ FIOLI¢ECIBP)
GRASH(1,18) = GARGGC1T,IB) /AN

GRASH(2,1B) = GARGG(2,18)/A2

CONTINUE

€0 10 447

CONT SNUE

BARGY = SORT(1.0 - ARG1es2)

BARG2 = SORI(1.0 ~ ARG2s92)

XNUR = ARGI+BARG2 - ARG2+BARGY

DENO = ARGISARG2 o BARG1sBARG2

DASH = ATAN2(XNMUR,DENO) (2.33)
G0 TO 448

continue
FFFCIL) = QRTIFDASH (2.268)
00 444 18 = 1,

GRADF (Il ID) . 2.44)
1

GRORTFCIBI*DASH ¢ QRTF(GRASH(1,18) - GRASH(Z,18)) (2 45)
CONT INUE

coNtiInuE

13.05.18,

[}



+€

335

345

350

335

560

363

370

373

SUBROUTINE

pIvOX . CDC 60600 Fin v3.0-32¢ OPT=1 03/26/76

C...

476

601

490
C...
9

-~

NEVION=-COTES NUNERICAL OQUADRATURE.

00 470 18 = 1, &

00 476 NI = 1, INTACT

ININD = INTGTY - Wi

TACNCEB) = TFCNCIB) o ALPHACNL, INTGTIo(FDF(NI, IB) ¢ FOFCINTNI,I8))
sFAKTOR

CONT INVE

60 10 999

IHE TAYLOR SERIES METHOD.

CONTINVE :

DR2FC = G11A ~ DRSDF]1ae

OR2FC2 = G22A = DRSDLNee2 .

DRS2DF = RST1DR2F( e (1.18)
ORS2DL = RST1DR2F(2 . _ 1.18)
DELPH] = DIC])

oLOP = D21(D)

OPHIZ = DITLD)

WOLF » 12.0 ¢ (0.1 - 0.02380932381+0PHI2)*DPHI 2092

DLOPS = PLDP/3.O o

COnPUTE 'o.

§26R0 = RST1a6B

00 490 14k = 2, &

1Y = 1)K = 1

FIEROCIJK) = RSTICRSTARCICY)

PL(IIK, 1, 1) = FZEROCLIKD €1.378)
PLIIJK,1,2) = FREROCIJIK) €1.379)
FLEROCIIK) = FOsFZEROCIIK) 1.26)
CONTINUE

COMPUTE SECOND DERIVATIVES Of 'o'

ALBTC(1,1) = COSPHI*(RHXCRHX)I&( R1se2 ¢ ARE®* R2 ) - (B €1.35A)
] ~FOURASINPHI*RHX*RY

fPHIB = TUOR*R1sRNX

ALBTR2Y = FC =~ COSPMI-FPHID
ALBTC2,1) = ALBT21 ¢ ALBT2Y €1.3358)
ALBT(3,1) = -fB €1.350)
ALBT(4, 1) = §8 ¢ B €1.350)
ALBT(1,2) = 0. «1.360)
ALBT(2,2) = 0.0 €1.368)
ALBT(3,2) = -fB €1.36¢)
ALBT(L,2) = ALBT(4, 1S €1.360)

DROPSQ = DASDFIne?

OROLSQ = DRSDLMes?

R2R6 = RST20DRSOFI

ML = AST2+0RSOLM

W202¢ = RST200RS2DF

R202L = RST2¢DRS20L

00 440 vy =1, 3

OSRPULIVY) & <~RSTICORDFICIVY) o W2RFRSTARCEIVY)
OSALCIVY) = -RST1DROLACIVY) ¢ R2RLeRSTARCIVY)
PSR2PLIVY) = R2R2F-ASTARCIVY) - RST1+(D2ROF2(IVY)

7



390

3935

400

405

410

41S

420

430

433

440

SUBROUTINE

1
410
[4

)
470
4

~oo ~

pTTDX "

42.0°DRSDFL*OSRPCIVY))
DSRZL(lV') = R2RZL*RSTARCIVY) -~ IS||-(02IOL2(IVV)
+2.00DRSDLMDSRLELIVY))

L‘O CONTINUE
C...

4«60

OTHER PL(T,~,~) [N EQUIVALENCE STATEMENTS.
PLCT,1,1) = RSTY

PLUT.4.1) = RST3+DROPSO

PLET,1,2) = RSTY

PLCY,4.2) = RST3DRDLSQ

TVORS3 = RST3 & RSI3
FPHICY) = -RST24DRSDFISFA ¢ RSTIsFPHIB

00 460 1vy = 1, 3

IVORY = Jvyel

PLRST = (RST14RSTI)ePLCIVORY, 1, 1)

PL23 = RST23+PLUIVORY, 1,1)

PLCIVORY,2,1) = PLISI-DRSDII ¢ RST2+DSRPCLIVY)
§PHICIVORY) = ~PLUIVORY,2,1)9FA ¢ PLUIVORY,1,1)eFPHIB
PLCIVORY,2,2) = PLRST*DRSOLM ¢ RST2+ DSRL(IVY)
PLCIVORY,3,1) = PLRST«DRS20F ¢ RST2eDSR2PCIVY)
PLCIVORY,3,2) = PLRST+DRS2DL ¢ RST2+DSR2LCIVY)
PLCIVORY, &, 1) = PL23«DRDPSQ ¢TUORS3*DRSDF I*OSRP(IVY)
PLCIVORY,4,2) = PL2J«DROLSQ ¢TUORS3*DRSDLA+DSRLLIVY)
CONTINUE

00 410 43 = 1, 2
00 410 11 = 1, &
FcompCll, 44) = 0.0
PO 410 Kk = 1, &
FCONPCIL, U0 =

CONTINVE

$D2 = 0.2¢4SINPHI*DPHI2
00 470 IVORY = 1, &

FCONPCIVORY, 1) =
FCOMPCIVORY, 1) o SD2 o FPHICIVORY)
COMTINVE

00 S10 M = 1, &
tscu(u) = TEEN(N) ¢CZWOLFSFZERO(N) ¢ 2.00(FCOMP(N, 1)eDPNI2 o
FCONP(N,2)*DLAN2))«DLOPS

FCOMPCIL, JJ) ¢ PLUIT KK, JJ)0ALBT(KK, JJ)

510 COI!IIUE

701

60 10 999
THE ONE~POINT NUMERICAL CUBATURE.

CONTINUE

RHXQG = WIK(]) RN

TECNCI) = TECHCT) ¢ ASTI+RHXQ

RHEXQY = RSTI+RMXO

0O 709 N = 2, &

TECNI(N) = TFEM(N) ¢ AHXQ3eRSTARCN-1)

€dC 6600 fin v3.0-324 OPT21

03720776

(3.6

13.05.18.

PAGE



9¢

(13}

450

SUBROUT INE

priox CDC 6600 ¢TN V3.0-324 OPT=1
799 CONIINUE
999 CONTINUE

[4
475 CONTINUE
C... ROTATE ATTRACTION VECTOR INTO INERTIAL SYSTEM.

TECHCT) = FACTOReTICNL(D)

TFX 2 FACTORC(COSTHATFCNC2) = SINTHeTECN(3))
VEY = FACTORS(SINTHOTFCNC2) o COSTHTF(N(3))
TECHCK) = FACTORsTFCN(L) .

TECN(2) = TFX

TECN(3) = I5Y

RETuRN

(114

03720176

13.03.18.

PAGE
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1.047000

1.047000

1.047000

1.047000

1.047000

1.047000

1.047000

1.047000

1.047000

1.047000

1.047000

1.000000

3.000000

5.000000

7.000000

10.000000

13.000000

20.000000

30.000000

LAMBDA J ux uy ul 6

282.000000 .9553855701E400 ~.1899349292¢+00 .8933121503£+00 .1574606630€-~04 9134764 585€ +00

.9551098376£+00 ~.1896642801€+00 .8923002828¢6+00 -0. 9122348019€ +00
~.2737324670£-03 L 27064907 10E-03 ~.12118674556-02 =-.15746066306~04 <~.1261656575€-02
ABS(DG) = .12418£-02 DEFLECTION = .001271737 0tG. TINE = .4630 SEC.

282.000000 .9553824950€+00 ~-.1898629909£+00 .8931430484£+00 -.1605287803€-01 .9132415645E +00
.9551098376€+400 ~.1896353933€+00 .8921643812€400 -.1592069253€-01 <9122348019E +00
=, 2726573662E-03 . .2275976440€-0) <.97B86672731€-03 -1321855156E-03 -.1006762601€E-02

ABS(DG) = . 10134£-02 ODEFLECTION = .007291569 0€G.’ TINE = 4620 SEC.

282.000000 .9553829155€+00. ~-.1896645347E400 .8922345418£+00 -.4896076307¢-01 9134357943£ 400
.93551098376€+00 ~.1894043518€+00 .8910774163E400 ~.47742680686-01 .9122348019€ +00
-.2730778637€-03 .2001828953E-03 ~-.1157125352€-02 .31808239636~03 ~.1200992374£-02

ABS(DG) = .12279€-02 DEFLECTION = .016055118 DEG. TINE = .4610 SEC.

282.000000 .9553799941£+400 ~-.18924153606E400 .89019381006+00 -.7976767724E-01 .9135755365€ +00
.9551008376E+00 -.18894255D2E+00 .BB88904B8109¢+00 -.7930630172€-01 -9122348019€ +00
=.2701564790£-0} .2989863185E-03 ~.12889991906-02 .26117355169E-03 ~-.1340734585€-02

ABS(0G) = -15487¢-02 DEFLECTION = .009214519 DEG. TIRE = .4710 SEC.

282.000000 .9553705226£+00 -.1883097708€+00 .8867737083£400 ~.11134874876+00 .9134013834E400
.9551098376€+00 ~-.1882505513€+00 .88364921186+00 ~-.1111734363£+00 -9122348019€ +00
-.2606849782€-03 L2592194402E-03 ~.1120496449E-02  .1752023876E-03 -.1166581461E-02

ABS(DG) =  .11672¢-02 DEFLECTION = .002432695 0€G. TIRE = .6630 SEC.

282.000000 ,9553612344E¢00 ~.18700896064¢+00 .88005407486+00 <~.15891606314£+00 .9136496358€+00
-9551098376£+00 ~-.1867828535€+00 .8787442365E6+00 -.1584079110E+00 .9122348019€+00
.2513967829€-03 .31611286706-03 ~-.1309838253E-02 .5087204680626-03 ~-.1414853831E-02

ABS(DG) = . 16403€-02 DEFLECTION = 016908847 DEG. TINE = .4760 SEC.

282.000000 ,9553356200E400 ~-.1850291593E¢00 .87040112916+00 -.2039924226€+00 .9133820633€ +00
.9551098376€+00 <.1848031969€+400 .8694306844E+00 -.2052081803€+00 .9122348019€+00
-.2257829270€-03 .2259623984€-03 ~.9704447528E-03  .7842420937E-03 -.1147261337€-02

ABS(DG) = .12680€-02 DEFLECTION =  .033897945 DEG. TINE = .4700 SEC.

282.000000 .955276092SE+00 ~-.1785044335E¢00 .8396098783£+00 -.3130607728€+00 .9136824 590€ +00
L9551008376E¢00 -.1782261244E¢00 .8384879913E¢00 -.3120026277€+00 .9122348019€+00
~.1662548208£-03 .2783310858€-03 -.1121887011E-02 .10580950906-02 ~.1447637041E~02

ABS(DG) 3 - 13671E-02 DEFLECTION = .0576352564 DE6. TINE = .4850 SEC.

282.000000 .95521880B4E+00 ~.1721154338E+00 .8095428369£400 -.38081749426+00 .9133703233E+00
.9551098326E+00 ~.1718042140E¢00 .8086986947£400 ~.3855270863E¢00 .9122348019€ +00
~.1089707988E -0} .2212197879E-03 ~.84414216296-03  ,1290407889€-02 -.133572%1369€-02

ABS(DG) = .15578€~-02 DEFLECTION =  .050308338 DEG. VINE = .5000 SE&C.

282.000000 .95351582216E+00 =.16437355672€+00 .7734608546E+00 -.4374909097¢+00 .91335410822€+00
9551008376E+00 ~.164254L0848€+00 .7727547127€+00 -.45611740106+00 .9122348019€+00
=.4838399800£-04 1214824892603 =-.7061418949E-03  .1373308704E-02 -.1307180224€-02

ABS(DG) =  .15492E-02 PEFLECTION = .052180359 OEG. TINE = .5370 SEC.

282.000000 .93350595506E¢00 ~.13554306789E+00 .7312474790£+00 -.5247049034€+00 .9133437320€+00
.9551008376€400 ~.153536380828E+00 .7309296008£¢00 -.5232363868£+00 .9122348019€+00
.5028700539€-0¢  ,6679616983E6-04 ~.31787822456-03  .1468518390E-02 ~-.1108950039¢ -02

ABS(06) = . 15040€-02 DEFLECTION = .063775226 DEG. TINE = .5910 SEC.



-.5872671690t+00
-.5863732278¢+00
.0939412123¢6-03

=.1451996451£+00
=, 1452912678£+00
-. 9162476483604
DEFLECTION =

=. 13970814488 +00
-.13983517536+00
-.1270305147€-03

68308551, 26400
.68356 16733€+00
+4£561580442€-03

061779804 DEG.

.6372624837€+00
6578727762E+00
.6102924832£-03

.058700702 OEG.

.9349420197E+00
.9531098376£+00
.1678179317¢-03

-.6169933404€+00
~.6162968992£+00
.69644611372¢-03

-95488977426+00
.9551098376£+00
.22006343500€-03

«9124335524¢+00
«9122348019¢ +00

=.2187504356€-03
0 SEC.

«9122461950€+00
-9122348019€+00
-.1139302720€-04

.6290 SEC.

DEFLECTION =

=.1217693489¢ +00
=.1219138492£+00
-.14450029736-03

=.6993569949€¢00
-.6988124008£+00
.5645940496€-03

5728787256€+00
.3735595659€+00
.6808403438E-03

.9547385079€+00
.9551098376€+00
.3713297778£-03

.9122050290€ +00
.9122348019€+00
2297729752104

.6710 SEC.

055475835 DEG.

.3106032033€+00
5118024 164E€+00
2111992 13124€-02

=, 76740644917E¢00
=.7472590029¢+00
.2054888364£-03

=-.1085360928€+00
-.1087869619¢ 00
-~.25086904166-03

.9346314808€+00
.9551098376€+00
6783568742603

-9117010919¢+00
-9122348019£400
.3337100253¢-03

.6920 SEC.

.070478566 DEG.

46505995666 +00
4661501414£400
.1090184776€-02

=.7897769920€¢00
=-.7900185127€+00
=.2415206949€-03

=.9459744085€-01
-.9483214005€-01
~.23406991941¢-03

.95453827308 +00
.9551098376€ +00
«5715646044E-03

-9114684514£+00
.9122348019¢+00
.7663505326€-03

.0960 SEC.

.053117523 ote6.

375663 1044£+00
.3771023943E+00
.1459290063£ -02

-.8259975776€ +00
-.8267655046€ +00
-.7679270500€-03

-.79843587408€-01
-.8015558837¢-01
-.3120008880¢-03

.935464440205€+00
.9551098376£+00
.6658171646€-03

8¢

.9109087432¢ +00
-.9122348019£+00
.1326058716E-02

.7360 SEC.

064655376 DEG.

.3038961625€+00
.3051846706€ +00
.1288508125€~02

.01-9255752 0€G.

.2298648795£+00
.2309443071E+00
10794 2764 2E~02

.037697291 0E6.

.1540847951€+00
.1549463180E+00
.8615229370c-03

DEFLECTION =

=~.6459879024£-01
-.6486900426€-01
=.2702140260€-03

=.8558917993¢+00
~.85722031186+00
~-.1328512526£-02

.9543680277¢ ¢+00
.9551098376F+00
.74180989386-03

~.8793487317¢+400
~.8811511568£+00
~.1802423169€-02

~.4886218349¢-01
~.4908872786£-01
=,2265443782¢-03

.9343053191£+00
.9551098376€+00
.8045185603£-03

~.8961330019€+00
~.89837259055¢ +00
~.2262823592€-02

-.3275407560¢-01
-.32934836616-01
-.1807810112¢-03

.9542591384€400
.9531098376€+00
.8506992514€~-03

-9105364646€ +00

.9122348019¢+00

. 1698337346€-02
750 S€cC.

.9102085298€+00
«9122348019¢+00
. 20262721608 -02
0 SEC.

-9098733176¢ +00
.9122348019¢ +00
- 2361484344£-02

1.0420 SEC.

.030063763 DEG.

.7710605489¢-01
.7776909390¢ -01
.5830390167€~03

~.9067004925¢ +00
~.9082634731£+00
~.2062980598€-02

=.1641113147€-01
~.16530331206-01
=.31191997375¢-03

.9542352356¢€+00
.9551098376¢€+00
.87660205546~03

-9101279006¢ +00
.9122348019€+00
.2106901356€-02

1.1050 SEC.

.026002464 DEG.

L77997244836-02
.7786690093£-02
=.12036 38949€-04

~.9097733062£+00
-.9122000668¢+00
~.24247603856-02

-.1662218806£-02
-.1655112073¢-02
.7106732864E-05

9362213221500
.9551098376£+00
.8883155598¢-03

«9098102385¢8+00
-9122348019€+00
«2424543406E-02

1.1020 SEc.

002244425 DEG.



6€

1.047000

1.300000

2.100000

1.047000

1.047000

1.047000

1.047000

1.047000

1.047000

1.047000

1.047000

90.000000

90.000000

90.000000

-%.000000

-15.000000

-35.000000

-60.000000

-75.000000

60.000000

60.000000

LANBDA v ux

.9542214621€6400 -.1215291363E~-13
.9551098370E400 j~.6412930969E~1¢
.8883755077€-03 .5739982662€-14
ABS(DG) = .23194£-02 DEFLECTION

.76871867836+400 -.6038053189¢~14
7692307692600 ~.4159711624E~14
.5120909246£-03 . 1878341364E~14
ABS(DG) = . 10971E-02 DEFLECTION

282.000000 .4761396001€+00 -.2008311306€~14
\ 47619047626+400 ~.1594084500€~14
.5087604768€-04 .4142268063E-15

.61390€-04 DEFLECTION

=.1891920585€ +00
~.1889425502€+00

-.2636908899¢-03 .24950824068E-03
ABS(DG). = .11239€-02 DEFLECTION

.9553065394€+00 -.1833806908E +00
.95510983766+400 ~-.1832016265E+00
=~.1967017515€-03 . 1790643409E =03
ABS(DG) = .93720¢-03 ODEFLECTION

.935503137086400 ~.1552911152€400
.9551098376E+00 -.1553638828€+00
78666797736-04 -.7276756043E~04
ABS(06) = .82088£-03 DEFLECTION

L9565172423€+400 -.9453919930€-01
.9551098376E6+00 ~.9483214005€-01
.59259053065€-03 ~.2929407507€-03
ABS(DG) = < 15664£-02 DEFLECTION

.95429916706+00 -.4887031010€~01

- .9551098376£+00 ~-.4908872786¢€-01

, +81067065026-03 ~.2184177633€-03
ABS(DG) = .21375€-02 DEFLECTION

<9542214621€¢00 ~.1020711293E-1)
.9531098376€+00 -.6412930969€-14

, -8883755077¢-03 <3794181963E-H
ABS(DG) = .23194€-02 DEFLECTION

.9565383120€+00 .2381718236€-01

.9551098376€+00 .2387134034€~01

+5715256194€-03 34137776956 -04
ABS(DG) = - _11577€-02 ODEFLECTION

.93545385308€400 ~-.1177730464E4+00
.95510983766+00 ~-.1180518702¢ 400
5713067922603 ~-.2768237699¢-03
ABS(DG) = .115816-02 DEFLECTION

282.000000

282.000000

ABSIDG) =

.9553735285¢+00
.9551098376€ +00

282.000000

282.000000

282.000000

282.000000

282.000000

282.000000

267.000000

285.000000

11 u2 . 6

-.2068808914€-04 =.9099154999(:00 .9099153001€+00
. +3017066813E-13  -.9122348019+00 .9122348019E+00
.2068808917€-04 ~.23193020461-02 .2319301811¢-02
2 .001302693 oéE6. TINE = .8580 SEC.
=.1583409184E-03 -.59061883548£:00 +3900188548£+00
. 1956990455€-13 -.5917159763¢£+00 .5917159763¢£+00
.1583409204€-05 ~.1097121523t-02 . 1097121521802
s .000153606 DEG. TIRE = -3450 SEC.
.4913608507€-14 -_22669597976+00 .2260959797€+00
J7699577936E-14 ~_2267573696£+00 .22673736906¢£ ¢00
2258596942814 ~,6138990277¢-04 .6138990277€-04
= -000000000 0€s. TInE = .1760 SEC.
.88994675267€+00 .7977411629¢-01 -913345358t€+00
.8889048109¢+00 .7950650172¢-01 .9122348019¢€+00
=-.1062715862E-02 -.2676145671£-03 -.1110556200€-02
= .010854275 DEG. Ting = 4740 SEC.
.8625417741E+00 .2367588020¢+00 -9130506668¢+00
.8618058880£+00 .23610374036¢00 .9122348019€+00
~.6458860952E-03 -.65350616524E-03 ~-.8158648457E-03
s .028954022 OEG. 1ine = .4830 SEC.
.7306276860£+00 .52399624918+00 .9126166894E+00
.7309296008£+00 .35232363868E£+00 . .9122348019£+00
<3019147822E-03 ~.7598623188¢-03 -.18188748076-03
= .050271152 0€6. TINE = .6070 SEC.
L44482774436+00 .7892317323£+00 .9108763613£+00
L4661501414E+00 .79001851276+00 .9122348019£+00
.13223971036-02  .7867802144(-03 «1358240672€-02
L .049041122 DEG. TINE = .7010 SEC.
.22992569706+00 .8792846522E+00 «9101624212£+00
-2309443071€+00 .B8115115486+00 -9122348019£+00
.1018610193E-02 . 1866502623L-02 .2072380753¢-02
s .032934941 DEG. TINE = .8890 SEC.
.2068808899E-04 .9099154999¢+00 -9099155001€+00
.3017046813E6-13 . 0122348019€+00 .9122348019£+00
=.20688008896€-04 .2310302044E-02 .2319301808£-02
= .001302693 0€6. TINE = .8770 SEC.
«4343664167¢000 -~.78976321819€+00 .9114493169€+00
.4534923079€+00 -.79001851276+00 .9122348019€+00
11278912428 -02 ~-.25520464146-03 .7852850031¢-03
s .0536490624 DEG. Ting = 7180 SEC.
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